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ABSTRACT For any intuitionistic multi-fuzzy set A = { < x, pa(X) , va(x) > : xeX} of an
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1. INTRODUCTION
After the introduction of the concept of fuzzy set by Zadeh [14] several researches were

conducted on the generalization of the notion of fuzzy set. The idea of intuitionistic fuzzy set
was given by Krassimir. T.Atanassov [1]. An intuitionistic fuzzy set is characterized by two
functions expressing the degree of membership (belongingness) and the degree of non-
membership (non-belongingness) of elements of the universe to the IFS. Among the various
notions of higher-order fuzzy sets, Intuitionistic Fuzzy sets proposed by Atanassov provide a
flexible framework to explain uncertainity and vagueness. An element of a multi-fuzzy set can
occur more than once with possibly the same or different membership values. In 2011,
P.K.Sharma [12] initiated the concept of Intuitionistic fuzzy groups. T.K.Shinoj and Sunil

Jacob John [13] was introduced the concept of Intuitionistic multi-fuzzy set in the year of 2013.
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R.Muthuraj and S.Balamurugan [8] introduced the new algebraic structure Intuitionistic multi-
fuzzy subgroup in 2014. In this paper we study intuitionistic multi-fuzzy normal subgroup and
its properties. This paper is an attempt to combine the two concepts: intuitionistic multi-fuzzy
sets and multi-fuzzy subgroups together by introducing a new concept called intuitionistic multi-
fuzzy normal subgroups.
2. PRELIMINARIES

In this section, we site the fundamental definitions that will be used in the sequel.
2.1 Definition [14]

Let X be a non-empty set. Then a fuzzy set p : X—[0,1].
2.2 Definition [7, 10, 11]

Let X be a non-empty set. A multi-fuzzy set A of X is defined as A = { < x, pa(x) >:
XxeX } where pa=(pipo, . pe), thatis, pa(x) = (pa(X)pa(x), . m(x) ) and pi: X —[0,1],
Vi=1,2,....k. Here k is the finite dimension of A. Also note that, for all i, u;j(X)is a decreasingly
ordered sequence of elements. That is, u1(X)>p2(X)> . >uk(X) ,V xeX.

2.3 Definition [1]

Let X be a non-empty set. An Intuitionistic Fuzzy Set (IFS) A of X is an object of the
form A = {< X, u(x), v(x) > : xeX}, where u: X — [0, 1] and v : X — [0, 1] define the degree of
membership and the degree of non-membership of the element xeX respectively with 0 < p(x)
+v(X) <1,V xeX.

2.4 Remark [1]
(1)  Every fuzzy set A on a non-empty set X is obviously an intuitionistic fuzzy set having
the form A = {< x, u(x), 1-u(x) > : xe X}.
(i) In the definition 2.3, When u(x)+v(x) = 1, that is, when v(x) = 1-p(x) = p°(x), A is
called fuzzy set.
2.5 Definition [8, 13]
Let A={<X o (%), v, () >:XG}, where 1, (9 =(ttn (9. 1o, (9, Ha, (R.ece pip, () and

VA =(va, (0, va, (0, va (¥..vy () such that 0 <p, +vy, (< 1, vV XeG
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Ha :G—[0,1] and vy :G—>[01]for all i = 1, 2, .., k  Here,
Ha () 2 () Zpa (9 2. 2p, (0, for all xeG. That is, p, ’s are decreasingly ordered
sequence. Then the set A is said to be an intuitionistic multi-fuzzy set (IMFS) with dimension

k of G.

2.6 Remark
Note that since we arrange the membership sequence in decreasing order, the

corresponding non-membership sequence may not be in decreasing or increasing order.

2.7 Definition [8, 13]

Let A={<x,ua(X), va(xX) >:xeX }and B ={<x,us(X), vag(X) > : xeX } be any two
IMFS’s having the same dimension k of X. Then
(1) AcB ifandonly if pa(x) <us(x) and va(x) > vg(x) forall xeX.
@)  A=B ifandonly if pa(x) = ug(x) and va(x) = vg(x) forall xeX.
(i) A ={<x, va(X), pa(X) >: xeX}
(iv) AnB={<x, (ua~s)X), (va~)(X) >: xeX } where
(narB)(X) = min{ pa(x), pa(x) } = min{ pa; (), s, (X) }, Vi=1,2,....k and
(vane)(X) = max{ va(x), va(X) } = max{va. (x), vs, (X) }, V i=1,2,....k.
v) AuB={<x, (uauw)(X), (vaus)(X) >: xeX } where
(a8)(¥) = max{ pa(x), us(¥) } = max{ pa, (), po, () }, ¥ i=1,2,...k and
(vaue)(X) = min{ va(x), ve(x) } = min{va (x), vs, (X) }, V i=1,2,... k.
Here { pa, (X), us, (X) }represents the corresponding i position membership values of A
and B respectively. Also, { va,(x), ve,(X) } represents the corresponding i position non-

membership values of A and B respectively.
2.8 Definition [13]

Let A and B be any two IMFS’s of groups G; and G, respectively. Then the Cartesian
product of A and B is denoted by AxB, of G1xG; is defined as:
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AxB={<(p.a) W, (.0), v, 5P 9)>:(p, 4)G1xGo} where

K,  (ea)= min{l, (p), Le(@}and vy, (P, 0) = max{Va(p),Vs(a)}.
2.9 Definition [7, 8]

A mapping f from a group G; into a group G; is said to be a homomorphism if for all a,
beG;, f(ab) = f(a)f(b).
2.10 Definition [7, 8]

A mapping f from a group G; into a group G, is said to be anti-homomorphism if for
all a, beGy, f(ab) = f(b)f(a).

2.11 Definition [8]

An intuitionistic multi-fuzzy set (In short IMFS) A = { < X, pa(X), va(x) > : xeG } of a
group G is said to be an intuitionistic multi-fuzzy subgroup of G ( In short IMFSG ) if it
satisfies :

(i) pa(xy™) = min{ua(x), pa(y)} and

(i) va(xy™) < max{va(x), va(y)} ,V x,yeG.

2.12 Remark [8]

(i) If Aisan IFS of a group G, then the complement A° is also an IFS of G.
(i)  Aisan IMFSG of agroup G <for each i, IFS {< X, pa. (X), va, (X) > : xeG} is
an IFSG of group G.

2.13 Theorem [8]
If { Ai: iel} is a family of intuitionistic multi-fuzzy subgroups of a group G where

Ai={<X s (0, va () >:xeG}, then A is also intuitionistic multi-fuzzy subgroup of G.

2.14 Theorem [8]

Let A and B be any two IMFSG’s of a group G. Then AUB need not be IMFSG of G.
2.15 Theorem [8]
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Let f: G — G, be anonto, homomorphism of groups G; and G.. If
A={<x pn,(¥),va(¥X)>:xeG,} is an intuitionistic multi-fuzzy subgroup of G, then
f(A) ={< Y.l V), Vin (V) >/ y €G,, wherey=f(x) } is also an intuitionistic multi-fuzzy
subgroup of G, if ua has sup property; v, has inf property and p,, vaare f-invariants.

2.16 Theorem [8]

Let G; and G, be any two groups. Let f: G; — G, be a homomorphism of groups. If B =

{<VY, us (), vs () >:yeG, }is an IMFSG of Gy, then f1(B) =
{ <X By (X), viie)(x)>: xeGy } is also an IMFSG of G

2.17 Theorem [8]
Let G; and G, be any two groups. Let f: Gy — G, be an onto, anti-homomorphism. If A

is an IMFSG of Gy, then f(A) is also an IMFSG of G, if p, has sup property; v, has inf property

and p,, vaare f-invariants.

2.18 Theorem [8]
Let Gy and G, be any two groups. Let f: G; — G, be an anti-homomorphism. If B is an
IMFSG of G,, then f(B) is also an IMFSG of G;.

2.19 Theorem [8]

Let A and B be any two IMFSG’s of groups G; and G, respectively. Then their Cartesian
product AxB is also IMFSG of G1xG,.
2.20 Theorem [8]

Let A be anintuitionistic multi-fuzzy set of a group G and let (A) = a {Bi/AcBi and B; is

an intuitionistic multi-fuzzy subgroup of G}. Then (A) is an intuitionistic multi-fuzzy subgroup
of G.
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3. Properties of intuitionistic multi-fuzzy normal subgroup
In this section, we introduce the concept of intuitionistic multi-fuzzy normal subgroup (In

short IMFNSG) of a group and discussed some of its related properties.

3.1 Definition
An IMFSG A = { <X, pa(x), va(x) > : xeG } of a group G is said to be an intuitionistic
multi-fuzzy normal subgroup ( In short IMFNSG ) of G if it satisfies :
(i) palxy) = pa(yx) and
(i) va(xy) = va(yx) , for all x,yeG.
3.2 Theorem

An IMFSG A of agroup G is said to be an IMFNSG if it satisfies for all x, geG,

1, (070)=p, (X)and v, [67x0)= v, (x).
Proof: Letx, geG.
Thent (07x0)=p1, (97 ()

= HA((xg Jot), since A is IMFNSG of G.
=1, (oo ) =p, )=, ().

Now, VA(g‘ng) =VA(9_1(X9 ))

=v,.((0)g), since A is IMFNSG of G.

=v,.(x(0g)) =y, (€)=1, (x). Hence the Theorem.

3.3 Theorem

If { Ai: iel} is a family of IMFNSG’s of a group G, then N A, is also IMFNSG of G.
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Proof: LetA=nNA,.

By Theorem 2.13, n A, isan IMFSG of G.

Foranyx, geG, p1, (9xg™) =p_, (9x97)

min 1, (gxg ™)

miin n, (x)
=W, )

=p, ()

That is, uA(gxg_l) =L, (%), v, geG.

Also, Valoxg) =y, (0xg7)
= max v, (9xg )
= max v, (%)
=V, ()
=va ()
Thatis, v,(@xg ") =y, (X), ¥X, geG.

Hence, A= N A,is an IMFNSG of G.
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3.4 Theorem
Union of two IMFNSG’s of a group G need not be an IMFNSG of G.

Proof:Since, by Theorem 2.14, union of two IMFSG’s of a group G need not be an IMFSG of G

and hence the proof is clear.

3.5 Theorem
Let A be an IMFNSG of a group G. Then for all x, yeG,

0 ne<p = 0=p, xy)=pn, (yx) and
(i) va¥) >y, () =y, 0= v, (xy) = v, (¥X).
Proof: (i)Let A be an IMFNSG of a group G.
S, (Y) =L, (X and vy, (Xy) =y, (%), ¥ X, yeGiooo., (1)
Suppose that |1 (x) <L, (y) for some x, y<G.
Then L (xy) Zmin{p (x), i ()}
=1, (), by hypothesis.
THatis, L1, (XY) ZLL, (X)  +ooveeesenmneec )
Now, p ()=, (xyy™)
>min{L (xy), W, (v}
=min{pL (xy), i, V) }
=u, xy)
Therefore, L1, (X) 2L, (XY) ovoovrmmnenieen s 3)
From (2) and (3), we get, (x) =L, (xy) and by using (1),

i, x) = u, (xy) = i, (yx), V X, yeG. Hence (i).
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(i)Let A be an IMFNSG of a group G.

d'N (xy) =W, (yx) and vy, (xy) =y, (¥X), V X, yeG.......... (1)
Suppose that 4y, (x) > 1, (y) for some x, yeG.
Then v, (xy) <max{y, (X), v, ()}

= v, (), by hypothesis.

THALTS, 17, (XY) S5 (X)  vereeetieeeie ettt (4)
Now, 1y, () =y, xyy™)

<max{y, (xy), v, }

=max{y, (Xy), v,(¥) }

= v, (xy)
Therefore, v, (X) Sy, (XY)  covivniiii 5)
From (4) and (5), we gety, (X) =y, (xy) and by using (1),

Va(X¥) =y, (xy) =y, (yX), V X, yeG. Hence(ii).
3.6 Remark
The above Theorem 3.5 fails, if we replace in the hypothesis:

(i) W, ()<, O) by, ()<L, (). ¥, yeG.

() v, ) >y, () byy,(X) =2y, V) VX yeG.
3.7 Definition

Let A be an IMFS of a group G and let (A) = {Bi/AcB; and B; is an IMFNSG of G}.
Then (A) is called the IMFNSG of G generated by A. Here, note that AcB S, (x) SHB (x)

and v, (X) 2y, (X), V XeG.
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3.8 Theorem

Let A be an IMFS of a group G and let (A) = Q{Bi /AcB; and B;jis an IMFNSG of G}.
Then (A) is an IMFNSG of G.
Proof: By Theorem 2.20, (A) is an IMFSG of G.

Let A — Bjand Bj be an IMFNSG of G, V i. Also given (A)= NB;.

Then V X, yeG,

=, )=, 0y) and oy, (9)=y ()

=, 0y)=minp(y) and v, (y)= max v, ()

B;

:>H<A>(xy): min 1 (yx) and v, 0y) = max v, (yx)
=, 09)=p 0 and v () =y ()

:>l,l<A>(XY):},l<A>(yX) and Viay (Xy) = Vi (yx)

Therefore, (A) is an IMFNSG of G.
3.9 Remarks

1. (A) is the IMFNSG of group G generated by A.
2. (A) is the smallest IMFNSG of group G which contains A.

4. Cartesian Product of intuitionistic multi-fuzzy normal subgroups
In this section, we introduce the concept of Cartesian product of intuitionistic multi-fuzzy

normal subgroups and discuss some of its related properties.
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4.1 Theorem
Let A and B be any two IMFNSG’s of groups G; and G, respectively. Then their
Cartesian product AxB is also an IMFNSG of G1xG,.
Proof: By Theorem 2.19, the Cartesian product AxB is an IMFSG of G;xG..
Claim: AxB is an IMFNSG of G1xG..
Let (p, q), (r, s) € G1xG2.Then

w, ((p.a)rs))

oo 1)

min{ |1 (pr), },LB(CIS)}

min{L (rp), L (sq) }, since A & B are IMFNSG’s of Gy and Go.

M., (P-59)

u, ((rns)p.a))
Thatis, i ((p.aXrs)) =, _((ns)(p.a)).

Vasl (0.0)1S)) = v, (o1, 05)

maX{ VA (p r) ' VB (qS)}
max{ v, (rp), v, (sq) }, since A & B are IMFNSG’s of G1and G.

Vaxs (I’p,SC{)
Vasl (:8)(p.0))
Thatis, v, ,((P.a)rs)) = v, .((r.s)(p.qa)).

Hence, 1L, ((p.a)rs))=p, ((rs)(p.a))and v, .((p.akrs))=y,,.((rs)(p.a))
Hence, AxB is an IMFNSG of G;xGs,.
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4.2 Remark

Let A and B be IMFS’s of G; and G, respectively. If AxB is an IMFNSG of G;xGg, then
it is not necessarily that both A and B are IMFNSG’s of G; and G, respectively.

5. Properties of an intuitionistic multi-fuzzy normal subgroup of a group under
homomorphism and anti-homomorphism
In this section, we discuss the properties of an intuitionistic multi-fuzzy

normal subgroup of a group under homomorphism and anti-homomorphism.

5.1 Theorem
Let f : Gy —»G; be an onto, homomorphism of groups. If A = { < x, pa(X), va(x) > :

xeGy } is an IMFNSG of Gy, then f(A) ={<Y,un V), Vi V) >/y €G,, wherey =f(x)}is also
an IMFENSG of G, if l, has sup property; y, has inf property and W, v, are f-

invariants.

Proof: By Theorem 2.15, f(A) is an IMFSG of G,.
Let A be an IMFNSG of group G;.

Let y1, y2€Go.

Since f is onto, there exist elements X3, X,€G; such that f(x;) = y; and f(x2) = ya.
Since A is an IMFNSG of Gy, l, (X1x2) = w, (X2x1) and 7, (XaX2) = 1, (XoX1).
Also, yoy1 = f(X2)f(x1) = f(x2x1), since f is a homomorphism.

Now, L, (A)(Y1)/2) = Ly A)(f(Xl)f(Xz))

= Hf(A)( f(x1x2) ), since f is a homomorphism.

= HA(X1X2 ),
>min{ L, (x1), @, (x2) }
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= min{ Mf(A)f(Xl) ) l"tf(A)f(XZ) }
= l"’f(A)f(XZXl)

= Hf(A)(yzyl) , since f is a homomorphism.

That is, Hf(A)(ylyz) = uf(A)(yzyl),v Y1, Y2€Go.

AlsO, v YV1Y2) = vy, (Fx0)F(X2) )
= Vf(A)( f(x1x2) ), since fis a homomorphism.
= Va(xax)
<max{y, (x1), v, (x) }
= max{ vy fx0) 1 vy fx2) 3
= Vf(A)f(ngl)

= Via) (Y2y1) , since f is a homomorphism.

That is, vf(A)()ﬁyz) = Vf(A)(Y2Y1),V Y1 ¥2€Go.
Hence, f(A) is an IMFNSG of G..
5.2 Theorem
Let G; and G be any two groups. Let f: G; — G, be a homomorphism of groups. If B =
{<Y, 1 (), vs(¥) >:yeGy }is an IMFNSG of Gy, then £7(B) = { <X, pys)(X), vrie)(X)>:
xeGj } is also an IMFNSG of G;.
Proof: By Theorem 2.16, f*(B) is an IMFSG of G;.
Let B be an IMFNSG of G,.
For any x, yeGy,

e ) K, (Fxy)

K, (FCOf(y) ), since f is a homomorphism.
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HB(f(y)f(x) ), since B is an IMFNSG of G,.

L, (f(yx) ), since f is a homomorphism.

Therefore, uf_l(B) (xy) Mf-l(s) (yx), V X, yeG;.

For any x, ye Gy,

Vi O = v, (F(xy))

Vi (FCAF(Y) ), since f is @ homomorphism.

Vi (FY)F(X) ), since B is an IMFNSG of Go.

vV, (f(yx) ), since f is a homomorphism.

Therefore, Vi (s) (xy) = Via(s) (yx), V X, yeGa.
Hence, f1(B) is an IMFNSG of G;.
5.3 Theorem
Let G; and G, be any two groups. Let f:G; —G; be an onto, anti-homomorphism. If A =

{ <X, pa(x), va(x) > : xeG } is an IMFNSG of G, then f(A) = {< X, “f(A)(X)’ Vi(a) (x) >:xeG

} is also an IMFNSG of G, if p, has sup property; vahas inf property and p,, vaare f-

invariants.

Proof: By Theorem 2.17, f(A) is an IMFSG of G..
Let A be an IMFNSG of G;.

For every X, ye Gy, there exist f(x), f(y) e G..

Since A is an IMFNSG of Gy, l, (xy) =W, (yx) and v, (xy) = y1, (¥X).

Now, uf(A)(f(x)f(y) ) uf(A)(f(yx) ), since f is an anti-hnomomorphism.

L, (yx)

L, ()
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M, (FO9))

“f(A)(f(y)f(x) ), since f is an anti-homomorphism.

Therefore, 1 (FOOFY)) = L, (FY)F(x)).
And Vi FOFY)) = (o, (FYX) ), since f is an anti-homomorphism.
= vayx)
= va(xy)
= Vi (FXY))
= Vi) (FOF(x)), since f is an anti-homomorphism.

Therefore, 1y, ,, (FOOFY) = (o, FVF(X) ).
Hence, f(A) is an IMFNSG of G..

5.4 Theorem

Let G; and G, be any two groups. Let f:G; -G, be an anti-homomorphism. IfB
={<Y, ug(¥) va(y) >:yeG; } is an IMFNSG of Gy, then f(B) = { <X, g (X), vrig)(X)>
:XeGy }is also an IMFNSG of G.
Proof: By Theorem 2.18, f*(B) is an IMFSG of Gj.
Let B be an IMFNSG of G..
For any x, ye Gy,

Hes (xy)

L, (FGxy)

W, (F(y)f(x) ), since f is an anti-homomorphism.

W, (f(X)f(y) ), since B is an IMFNSG of G,.

W, (f(yx) ), since f is an anti-homomorphism.
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= l"tf'l(B) (yx)
Therefore, uf_l(B) (xy) = Mf-l(s) (yx), V x,yeG; and

Forany x, yeGy,

Vi ) = v, (F(xy))

v, (FWF(X) ), since f is an anti-homomorphism.

Vi (fOOf(y) ), since B is an IMFNSG of G,.

Vi (f(yX) ), since f is an anti-homomorphism.

Vii(s) (yx)
Therefore, Vi (s) (xy) = Vi) (yx), V X, yeG;.

Hence, f *(B) is an IMFNSG of G;.

5.5 Theorem

Let Gj(fori=1, 2, 3, 4) be groups. Let f:G1xG,—>G3xG4 be an onto homomorphism (or
anti-homomorphism) of groups. Let A and B be any two IMFNSG’s of G; and G, respectively.
Let f;:G1— Gz and f2:G, — G4 be onto homomorphism (or anti-homomorphism) of groups. If
AxB is an IMFNSG of G;xG, then f(AxB) is also an IMFNSG of G3xG, if AxB have sup
property and also AxB is f-invariant.

Proof: Itis clear.

5.6 Theorem

Let G (fori =1, 2, 3, 4) be groups. Let f:G1xG,—>G3xG4 be a homomorphism (or anti-
homomorphism) of groups. Let C and D be any two IMFNSG’s of Gz and G, respectively. Let
f1: G — Gz and f;: G, — G4 be a homomorphism (or anti-homomorphism) of groups. If CxD is
an IMFNSG of G3xGy, then f(CxD) is also an IMFNSG of G1xG,.

Proof: Itis clear.
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5.7 Theorem
Let G; (for i = 1, 2, 3, 4) be groups. Let A and B be any two IMFNSG’s of G; and G,
respectively. Let f;:G;—Gs and f2:G, — G4 be onto homomorphism (or anti-hnomomorphism) of
groups. Let f:G1xG,—~>G3xG,4 be an onto  homomorphism (or anti-homomorphism) of groups
such that f( (u, v) ) = (f1(u), f2(v)). If AxB is an IMFNSG of G1xGg, then f(AxB) = f1(A) xfz(B)
if AxB have sup property and also AxB is f-invariant.
Proof: Let AxB be an IMFNSG of G1xG..

Let (u, v)eGixG,. ThenueG; and veG,. It implies that f1(u) e Gs and f,(v) e Gs.
Therefore, (U, v)eGi1xGy = f( (u, v) ) = (f1(u), f2(v)) eG3xG4. Then

l"tf(AxB) (fi(u), 2(v)) = Hf(AxB) (f(u, v))

HAXB (U, v)
min{p, (v), 1, (V)}

min{p, (), p o (=)}

Mfl(A)xfz(B)(fl(u)’ f2(v))
Therefore, pt o (fi(W), (W)=, - o (F1(W), F2v)), for all (f1(u)fo(v) )€GaxGe.
Vi(as) (fi(u), V) = Vf(AxB)(f(u’ v))

= VAXB (u’ V)

max{ v, (), v, ()}

MaX{ vy, o) (P, Vi g (F2(V)}
= Viap e (11(W): (V)
Therefore, g (1), BV= v sy o) (0D, F0). O ll (2(0) o) )< GG

Hence, f(AxB) = f1(A)xf,(B).
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5.8 Theorem

Let Gi( fori=1, 2, 3,4 ) be groups. Let C and D be any two IMFNSG’s of Gz and G4
respectively. Let f;: G; —» Gz and f,: G, — G4 be homomorphism (or anti-homomorphism) of
groups. Let f: G1xG,—>G3xG4 be a homomorphism (or anti-homomorphism) such that fi(
(u, v)) = (f1(u), f2(v)). If CxD is an IMFNSG of G3xG,, then f1(CxD) = f; (C)xf, (D).
Proof: Let CxD be an IMFNSG of G3xGa.

Let (u,v)eG1xG,. Then ueG;y and veG,. It implies that f;(u) e Gs and fo(v) € Ga.
Therefore, (u, v)eG1xGy,

= f((u, V) ) = (f2(u), F2(v)) € Gsx Gy, since f is homomorphism.

TheN e V) =H LUV

=, (Fa(U), f2(V)

=min{p_(fu(u), pu_ (R(V))}

=mindp @ o V3

=Mz o0 MY)
Therefore, 1, (V) =L, o (UY)  forall (UV)eGpGe,
AN Yy @Y) = Vo f(0)

= Voo (Fi(W), f2(V))

max{ . (fi(u)), v, (f2(v))}

ML Ve (W Via(0) (V3

= Vii(epa, o) (UY)

Therefore, Vf'l(CxD)(u’V) = Vit (opt, (o) (u,v) , for all (u,v)eG1xG,.

Hence, f1(CxD) = f; }(C) x f, }(D).
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6. CONCLUSION
The intuitionistic multi-fuzzy sets are very important role for the development of the
theory of intuitionistic multi-fuzzy subgroups. In this paper an attempt has been made to
study some new algebraic structures of intuitionistic multi-fuzzy normal subgroups and their
properties were discussed.
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