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Abstract

This article discusses some new Zweier sequence spaces. The detailed explanation is divided
into three different sections. The first section deals with the study of some Zweier I-
convergent difference sequence spaces in which we introduce the sequence spaces Z I (M, Ar
,p,u), Z10 (M, Ar, p,u)and Z I o(M, Ar, p, u). We have also made an attempt to study
topological properties and algebraic properties. A study of new class of generalized lacunary
strong Zweier Convergent Sequence spaces [NOs , Z,M, An, p, u, k-, ..., "k]0, [NO,s , Z,M, Ar
, P> u, ke, ..., 'k] and [NOs , Z,M, Ar, p, u, k-, ..., -k]oo is introduced in the second section. We
have also studied the different properties of these spaces like linearity, paranorm, solid,
monotone etc. Some interesting inclusion relations between these sequence spaces are also
established with counter examples. At the end of this section we give the concept of double
lacunary statistical Zweier convergence over n-normed spaces. Here we prove that the spaces

are neither monotone nor solid, not convergence free in general.
Keywords: Spaces, Sequence, Zweier etc.
1. INTRODUCTION

The sequence spaces played an important role in the study of pure and applied Mathematics.
In several branches of analysis, for instance, the structural theory of topological vector
spaces, Schauder basis theory, summability theory and the theory of functions, the study of
sequence spaces occupies a very prominent position [1]. The impact and importance of this
study can be appreciated when one sees the construction of numerous examples of locally
convex spaces obtained as a consequence of the dual structure displayed by several pairs of
distinct sequence spaces, thus reflecting in depth the distinguishing structural features of the
spaces in question. Besides these distinct sequence spaces endowed with different polar
topologies provide an excellent source to vector spaces pathologists for the introduction on
locally convex spaces to several new and penetrating notions implicit in the theory of Banach
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spaces [2]. Apart from this, the theory of sequence spaces is a powerful tool for obtaining
positive results concerning Schauder bases and their associated types. Moreover, the theory of
sequence spaces has made remarkable advances in enveloping summability theory via unified
techniques effecting matrix transformation from one sequence space into another [3].

2. ON SOME ZWEIER I-CONVERGENT DIFFERENCE SEQUENCE SPACES

The main implication of this section is to introduce the sequence spaces Z' (M, A", p, u),
zb(M, A', p, u) and zL (M, A", p, u). An endeavor has been made to study some topological

properties and inclusion relations between these sequence spaces [4].

Throughout this section Z', zJ, z.,, m., and ml Z0 represents Zweier lconvergent, Zweier |-

null, Zweier bounded I-convergent and Zweier bounded I-null sequence spaces, respectively.

Let M = (M) be a sequence of Orlicz functions, u = (ux) be a sequence of strictly positive real
numbers and p = (px) be a bounded sequence of positive real numbers. We define the
following sequence spaces [5]:

ZI (M, AT, p,u) =

Pi

=) ,{Eng_‘,k luuzml:.z-))k—l‘ 5 e e
for some L € C.
Z{H(M, AT, p,u) =
z = (z,) : lcgng.-\fk ""‘(Zp‘-/j\r"‘”‘” ) >eyel
ZL (M, A", p,u) =
z=(z.): keN:IK > “~i~”k “"(ZP(_A’""")"| . > Kyl
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If we take (My) = M, (px) =1, (ux) =1 forall k € N and r = 0, then we get the sequence spaces
defined [6].

Theorem 2.1 The spaces z{(M, A", p, u) and m.,(M, A", p, u) are solid and monotone.

Proof. We shall prove the result for z{(M, A", p, u). For mL,(M, A", p, u), the result can be
proved similarly [7]. Let x = (x,,) € Z} (M, A", p,u), then there exists p > 0 such that

(} c 1.
(1)

Let (o) be a sequence scalar with |an| < 1 for all n € N. Then the result follows from (1) and

|V
I/TI

uk(zp(_\".r)m] "
/_)

{A - I\\. > i: .»'\];'.

k=1

the following inequality

| 72(A )l | i ZP(AT ),
;\IL.[“””"MP(A .zml} < oo | a2 (p_\. )il

< M,

—lalg-(Z”(;l".‘l‘) k|
,A)

for all n € N. The space z}(M, A", p, u) is monotone follows from the Lemma, [8].

Theorem 2.2 The spaces Z'(M, A", p, u) and m%(M, A", p, u) are neither monotone nor solid

in general [9].

Proof. The proof of this result follows from the following example. Let | = I, My(x) = x for
all x € [0,0), p=(px) =1, u=(ux) =1, for all k and r = 0. Consider the K-step space Tk of T
defined as follows [10] Let (x,) € T and (y,) € Tk be such that

Tn, 1fnis odd.
Yn = (

). otherwise.

Consider the sequence (x,) defined by x, = 1 2 for all n € N. Then (x,) € Z' (M, A", p, u) but
its K- step space preimage does not belongs to Z'(M, A", p, u). Thus Z' (M, A", p, u) are not

monotone.
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Theorem 2.3 The spaces Z'(M, A", p, u) and z(M, A", p, u) are not convergence free in

general.

Proof. The proof of this result follows from the following example. Let I = I, My(x) = x* for
all x € [0,0),u=(u) =1,p=(px) =1and r =0 for all k € N [11].

Consider the sequence (x,) and (y,) defined by x, = 1/n* and y, = n? for all n € N. Then (x)
belongs to Z'(M, A", p, u) and z}(M, A", p, u), but (y,) does not belongs to both Z'(M, A", p, u)

and z{(M, A", p, u). Hence, the spaces are not convergence free.
3. LACUNARY STRONG ZWEIER DOUBLE CONVERGENT SEQUENCE SPACES

An attempt has been made to introduce double Zweierlacunary strongly convergent sequence
spaces over n—normed spaces and study different properties of these spaces like linearity,
paranorm, solidity and monotone etc. Some inclusion relations between these spaces are also
established. Finally, we study the concept of the double Zweierlacunary statistical

convergence over n—normed spaces in this section, [12].

Zweier sequence spaces for single sequences were defined and studied. It is defined the
double Zweier sequence spaces [W?, Z], [Necs, Z]0, [Necs, Z] and [Nocs, Z]. as the set of all
double sequences such that Z—transforms of them are in [WZ], [Nerslo, [Ners] and [Ners]w

which were introduced, [13].

We denote the double sequences v = (vkl) and w = (wkl) which will be used throughout this

section, the Z— transform of a sequence x = (xkl) and y = (ykl) is defined as

. 1 .
vkl = —(zp + xr—1) and wg = =(yr + yr-1); (k.LEN).

1

2 2
Let (X, ||, ..., -|[) be an n-normed space and W(n—X) denotes the space of Xvalued sequences.
Let M = (My) be a sequence of Orlicz functions, p = (pw) be a bounded double sequence of
positive real numbers and u = (uy) be a double sequence of strictly positive real numbers.

Now we define double Zweier sequence spaces as follows [14]:
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Theorem 3.1 If 0 <py<gu< o for each k and I, then we have [NO , Z,M, Ar, p, u, k-, ..., "k]oo
C [N6s, ZM, Ar, q, u, k-, ..., -k]oo.

Proof. Let X = (Xx) € [NOys, Z,M, Ar, p, u, k-, ..., ‘k]Joo. Then there exists p > 0 such that

sup
rs Iyg

(k'l)EIFS

ATv Pkl
*"II;I I:UH(H pl“,ll,.....';n-]“)] < 00,
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This implies that _. for sufficiently large values of

k and I. Since My’s are non-decreasing, we get

ATy 19k
S'll.l‘) B Z 1‘[;;1 I:ll“ (H y 2]y eeey 2m—1 H)_
r.s lrs (kDel, . P
AT2
< sup hl Z M [uk;(HA L“..:l....,:;,._l I)]pkl
rs T (klyely . P
< 0.

Thus, X = (Xx) € [NOs , Z,M, Ar, q, u, k-, ..., ‘k]oo. This completes the proof.
Theorem 3.2 The double Zweier sequence space [N , Z,M, Ar, p, u, k-, ..., -k]oo is solid.

Proof. Suppose X = (X«) € [N, Z,M, Ar, p, u, k-, ..., "k]oo

l Ar'l.“k( Pii
sup E My [uu(“ s 21y enny :;,,_1“)] < o, for some p > 0.
ris b (ke £

Let (oii) be a double sequence of scalars such that |oug| < 1 for all k, 1 € N [15]. Then we get

: 1 Ar()'kll';‘.z . ; Pkl
sup 7 Z My [ukz(”—. - PO | ”)]

va Ors el P
1 Arl‘;‘.l P
< sup 7 E My [llkl (“ 282 LIS - | “)]
& R )
T £
< OQ.

This completes the proof.
4. CONCLUSION

It is concluded that the purpose of introducing Zweier sequence spaces. This paper comprises
of three sections. The first section of this paper deals with the study of spaces Z I (M, Ar, p,
u), Z10 (M, Ar, p,u) and Z [ o(M, Ar, p, u). We have explored some topological properties
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and algebraic properties between these spaces. In the second section we introduce double

Zweierlacunary convergent sequence spaces and study different properties of these spaces

like linearity, paranorm, solid, monotone etc. Some interesting inclusion relations between

these sequence spaces have also been established by using counter examples. We prove that

these spaces are not solid, not convergence free in general.
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