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ABSTRACT

This paper is in the sequence of papers to prove the common fixed
point result using rational inequalities for four mappings, in which
the pair of the maps are compatible and weak compatible, also the

pairs of maps are assumed to satisfy the weak commutativity in the
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1. INTRODUCTION

Since Banach [1] proved the Banach contraction principle in 1922, the existence and uniqueness of fixed and
common fixed point theorems of mappings have been of great interest. Many authors have generalised the
Banach contraction principle in a variety of spaces over the years, including quasi-metric spaces, fuzzy
metric spaces, 2-metric spaces, cone metric spaces, partial metric spaces, and generalised metric spaces (see,
for example, ([2]-[19]) and the references therein). In 2008, Bashirov et al. [20] introduced the concept of
multiplicative metric spaces, studied the concept of multiplicative calculus and proved the multiplicative
calculus fundamental theorem. Florack and Assen [21] demonstrated the use of multiplicative calculus in
biomedical image analysis in 2012. They calculated the multiplicative distance between two non negative
real numbers and two positive square matrices using the multiplicative absolute value function. This is the
foundation of multiplicative metric spaces. In 2012, zavsar and evikel [23] investigated multiplicative metric
spaces by highlighting their topological properties, introduced the concept of multiplicative contraction
mapping, and proved some fixed point theorems for multiplicative contraction mappings on multiplicative

spaces. He et al. [24] recently established a set of common fixed point theorems for four self-mappings in

15 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com



http://www.ijesm.co.in/
http://www.ijesm.co.in/

ISSN: 2320-0294 L Impact Factor: 6.765

multiplicative metric space. Abbas et al. [25] recently proved some common fixed point results of quasi-
weak commutative mappings on a closed ball using multiplicative metric spaces. Simultaneously, they
investigated the necessary conditions for the existence of a common solution to the multiplicative boundary
value problem. Kang et al. [26] defined and proved some common fixed point theorems for compatible
mappings and their variants in multiplicative metric spaces.

Now we present some definitions and results in multiplicative metric spaces that will be required in the

following section.

Definition 1.1 [20] Let X be a non-empty set. A multiplicative metric is a mapping d : X x X — R”

satisfying the following axioms:

M1) d(x,y)>1forall x,ye X and d(X,y)=1<x=Yy ;

M2) d(x,y)=d(y,x)forall x,ye X ;

(M3) d(X, y)S d(X, Z).d (Z, y) forall X,y,z € X (multiplicative triangle inequality).

The pair (X , d) is called a multiplicative metric space.

Proposition 1.2 [20] Let (X,d) be a multiplicative metric space, {Xn}be asequence in X and Xe X
Then X, = X (N —o0) ifand only if d(x,,x) —>1(n—>o0)

Definition 1.3 [20] Let (X , d) be a multiplicative metric space, {Xn}be a sequence in X . The sequence
{Xn} is called multiplicative Cauchy sequence if, for each & > 0, there exists a positive integer Ne& N
such that d(Xn,Xm)<g forall n,m=> N .

Proposition 1.4 [20] Let (X , d) be a multiplicative metric space and {Xn }be asequence in X .Then

{Xn} is a called multiplicative Cauchy sequence if and only if d (Xn X ) -1 (n, m— oo) .

Definition 1.5 [20] A multiplicative metric space (X,d) is said to be multiplicative complete if every
multiplicative Cauchy sequence in (X , d) is multiplicative convergentin X

Proposition 1.6 [20] Let (X,d, )and (Y,d, ) be two multiplicative metric spacesand f : X —Y bea
mapping and {Xn} be any sequence in X . Then f is multiplicative continuous at X € X if and only if
f(x,)— f(x) forevery sequence {x,} with x, — x (n — o).

1. MAIN RESULTS

In this section, we discussed the unique common fixed point of two pairs of weak commutative
mappings on a complete multiplicative metric space.Our results substantially generalize and extend
the results of Ozavsar and Cevikel [23] and the results studied by He et al.[24].

We start our work by introducing the following concepts.
Definition 2.1 [4] The self-maps f and g of a multiplicative metric space (X ) d) are said to be compatible
if
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lim, . d(fgx,gfx,)=1, whenever {x, } is a sequence in X such that lim___ fx, =lim__gx, =t

,forsome te X.

Definition 2.2[3] Suppose that f and g are two self-maps of a multiplicative metric space (X,d). The
pair (f,g) are called weakly compatible mappings if fx=gx,X e X implies fgx= gfx. That is,
d(fx, gx)=1= d(fgx, gfx)=1.

Theorem 2.1 Let(X,d) be a complete multiplicative metric space. S,T , Aand B be four mappings of
X into itself. Suppose that there exists A € (O, %) such that S(X ) C B(X ) T(X ) c A(X) and

oy d% (Ax,5x)+d*(1y,5%) | .. d*(Sx AX)+d*(By.Ty)
d(SxTy)< [d (A% By){dﬁ(sy,Ty)m‘(B)y/, Ax)}OI (AX’Ty)[di(Sx,Ty)ﬁtd*(Az, Bill)}

d*(Ty,By)d”(Ty, Sx){

d* (A, Sx)+d* (Ax, By)D
d*(Sx,Ty)+d*(Ty,By)

(2.1)
forall X,y in X . Assume one of the following conditions is satisfied:
(a) either Aor S is continuous, the pair (S, A) is compatible and the pair (T, B) is weakly
compatible;
(b) either Bor T is continuous, the pair (T, B) is compatible and the pair (S, A) is weakly

compatible;

Then S, T, Aand B have a unique common fixed point .

Proof: Let X, € X, since S(X)C B(X) and T(X)c A(X), there exist X, X, € X such that
Yo = SX, = BX, and Yy, =Tx, = AX,. By induction, there exist sequences {X, fand {y,} in X such that

y2n = SXZn = BX2n+l ’ y2n+l =TX2n+l = AX2n+2 (2'2)

forall Nn=012,....

Next, we prove that {yn} is a multiplicative Cauchy sequence in X . Infact,V ne N, from (2.1), (2.2), we

have

d (yZn ! y2n+1) = d (SXZn ’TX2n+l)

d* (A%, X )+ 0% (TXyp0, SXop )
d g (Bx2n+l’TX2n+1 ) + d g (Bx2n+1’ AXZn ) ’

< max{di (Ax2n,Bx2n+1)|:

d* (Ax Tx ) d* (SXZH' AXZn)+ d” (BX2n+1’TX2n+1)
2n1 " 2n+l d,1 (szn ,szml)_'_ d/l (szn’ sznﬂ)
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dl (AXZn ' SXZn) d (AXZn’ BX2n+l)
d g (SXZn ’TX2n+1) d * (Tx2n+1’ BX2n+1)

'/ 2n dl n+lr Y 2n
d(Yzn: Yana) < (di yzwyzn){ oy V)t i(yz L )},
(
d’(

d g (TX2n+1’ BX2n+1) d g (Tx2n+1’ SX2n )|:

(y2n ! y2n+l)+ d (yZn ! y2n,;|_)

d” (Yans Yons )+ d* (Vans Yones)
d yn_,ym){ S o
( 2n-1' J 2n+1 A 2n1y2n+1) i(y2n_1ly2n)

dﬂ (y2n—l1 yZn)_Fd}L (y2n—1l yZn):U

dl(y2n+l’y2n)di(y2n+1'y?_n)|:dz(y y )+dl(y y )
2n? J2n+l 2n+1? J2n

mMaxX (d” (Yon 15 Yon ) 8% (Yan 1 Yot )&% (Vaneas Yon )87 (Yon 1 Yan )
d (y2n1 y2n+1) <d (y2n+1’ y2n) (y2n 11 yZn) [Using M(3)]

d (Vans Yanes) A= (Vongs Yan ) = 4" (Vanas Yan )
(2.3)

A
where hzn, he(0,1)as A G(O,%)

In the similar way, we have

d (y2n+1’ y2n+2 ) = d (TX2n+l’ Sx2n+2 ) = d (SX2n+2 ’TX2n+1)

d g (Ax2n+2 ! 2n+2 ) + d ( 2n+1? SX2n+2 )jl
d (BX2n+l7T 2n+l) + d ( X2n+l’ AX2n+2)

d : (Sx2n+2 ! AX2n+2 )+ d ‘ (BX2n+1 ’TX2n+l)
d 8 (Sx2n+2 ’TX2n+l)+ d “ (AX2n+2 ' Bx2n+l)

d * (AX2n+2 ’ SX2n+2 ) + d * ( AX2n+2 ’ BX2n+l)
d (Sx2n+2 ’TX2n+l) + d * (TX2n+l’ BX2n+1)

(y2n+1' y2n+2 )+ d § (y2n+l1 y2n+2 )}
d (yZn ' y2n+l)+ d g (y2n ! y2n+1)

dl ! n+ A no n+
(d (y2n+1’an+1){ (Vanez Yonet)+ 47 (V2 ¥, 1)}

d l( 2n+2? y2n+l) i (y2n+1’ y2n )

< I’T‘]aX[d/1 (AX2n+2! BX2n+1)|:

d g (AX2n+2 1TX2n+1{

d g (TX2n+1’ Bx2n+1) d /1 TX2n+1’ SX2n+2 )|:

d (y2n+2 ’ y2n+l maX|: y2n+1’ y2n

A

o

(Vanear Yanez ) + 0% (Vanas Yo )}

(dl(y2n+l’y2n)di(y2n+l’y2n+2))|:di(y y )+dl(y y )
2n+21 J2n+l 2n+l! J2n

= maX(d g (y2n+1’ y2n+2 )’1' d N (y2n ’ y2n+1)d g (y2n+l’ y2n+2 ))
=d* (Y2n 1 y2n+1)d g (y2n+1’ Yoni2 )
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d (y2n+l’ y2n+2 ) d = (y2n ’ y2n+1) d " (yZn ’ y2n+l) (2'4)
A
where h= 1 he (0,1) as A e (0,%)
It follows from (2.3) and (2.4) that for all N € N, we have

h h? hn
d(Vo: Vo) <A (Vo Yo ) <A (Voo Yo ) S <d - (You Vi)
Therefore, forall n,m € N, N <m, by the multiplicative triangle inequality, we obtain

d(yn’ ym)S d(yn’ yn+1)'d (yn+1’ yn+2) """""" d (ym—1’ ym)
<d" (Yo, Y )" (Yor Vo v 0™ (¥, Y1)

Ll
<d*" (Yo, 1)
This implies that d(yn, ym)—>1 (n,m —)oo). Hence {yn} is a multiplicative cauchy sequence in X ,

By the completeness of X , there exists z € X suchthat Yy, — Z (n - oo).

Moreover, because
{yZn } = {SXZn } = {BX2n+1} and {y2n+1} = {TX2n+1} = {AX2n+2 }

are sub sequences of {yn } , We obtain

limSx,, = I|me2n+l I|me2n+l I|mAx2n+2=
n—oo

(2.5)

Next we prove that z is a common fixed pointof S, T, Aand B under the condition (a).

Case 1. Suppose that A is a continuous, then 1im ASX,,, = |Im A*x, = Az . Since the pair (S,A) is

compatible, from (2.5) we have
limd(SAx,,, ASX,, )= limd(SAx,,, Az) =1

Thatis, lImSAXx,, = Az

n—oo

(2.6)
By using (2.1), we have

d/l( X2n ' SAXZn) dl(TXZn-#l’SAXZn)
d g (BX2n+1 ’TX2n+1) d * (Bx2n+1’ A2 XZn) ’

(BX2n+1’T 2n+1)
g (A2X2n’ BX2n+l) ,
d* (A, SAX,, ) +d” (A*Xy, By, )
dl (SAXZn 'Tx2n+l) + d/l (Tx2n+1’ BX2n+l)

d (SAXZn ’TX2n+l) < ma){d ’ <A2 Xon Bx2n+11:

d* (SAXZH, A2x2n)

4 (A% T d* (SAX, TXop ) +

+d*
d

d g (TX2n+l’ BX2n+1 ) d g (TX2n+l’ SAXZn )

Taking N — o0 on the two sides of the above inequality, using (2.5) and (2.6), we get

19 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com



http://www.ijesm.co.in/

ISSN: 2320-0294 L Impact Factor: 6.765

d(Az,z)Smax(d (Az, z)[ (l’z)) (( ))}dl(ALZ)[d*(Az,Az)erﬁ(z,z)’

d*(z, d*(Az,z)+d*(Az,2)
(e
(

=max(d”* (Az,2),1,d" (z, Az))

<d*(Az,2)
d(Az,z)<d”(Azz)
This means that d(AZ, Z)zl since A € (0,%), that is, Az =z (2.7)

Now, we will show that Sz =z

Again applying (2.1), we obtain

d*(Az,Sz)+d*(Tx,,.,,Sz) }

d(Sz,Tx,,,, )< max| d*(Az, B ’
( ‘ X2"+1) max( ( inﬂ{dl(BXZnJrl’TXZml)—i_di(BXZnA’AZ)

d”(Sz, Az)+d* ( 2n+1,szm)}

d*(Az,T
( VA X2n+1)|:dﬂ(SZ,TX2n+l)+d (AZ BX2n+1)

d* (Az,Sz)+d* (Az,BX,,.,) D

dﬂ (TX2n+1’ B)(Zn-¢—1)d/1 (TX2n+l’ SZ)|:dﬂ (SZ TX )+ d 2 (TX BX )
’ 2n+1 2n+1? 2n+1

Taking limit N —> oo on both sides in the above inequality, using (2.5) and (2.7), we get

d*(z,52)+d*(z, Sz)} dl(Z’Z){d*(SZ,sz*(z,z)},

d(Sz,z)Smax[d (z, Z){ 4 (2,2)+d" (2,2) d*(Sz,z)+d"(z,2)

)
= max{d*(Sz,2)1,d*(z,S2)}

]|
<d*(z,S2)

This implies that d(SZ, Z) =1since A e (O, %) thatis Sz=12 (2.8)

d*(z,z)d‘(z,Sz){ 2;28313122

On the other hand, since Z € SX — BX , there exists Z_ € X suchthat z = Az =Sz = Bz".
By using (2.1) and Z = Az = Sz =Bz, we obtain

o)) <o s L L L

A Bz*,Tz*)+dﬂ“ (Bz*, Az) ’

N dl(Sz,Az)+d‘(Bz*,Tz*)
A
d* (AeT2 ){d‘(Sz,Tz*)er‘(Az,Bz*)]'
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di(TZ*,Bz*)d*(Tz*,SZ){ d* (Az,Sz) +d* (Az,BZ') D

d* (Sz,Tz*)+ d* (Tz*, Bz*)

o)

d*(z,72°)+d*(z,2) |

dl(Z,TZ*){di(z,z)+d*(z,Tz*)}

d*(z,Tz*)+di(z,z) ’

Aot N ad e d*(z,z)+d*(z,2)
d (TZ ’Z)d (TZ ’Z)Ll(z,Tz*ﬁd*(Tz*,z)
= max(l,d(z,Tz*),d(Tz*,z))
<d*(z,12")
This implies that d(Z,TZ*)=1, and so Tz =z =Bz". Since the pair (T, B) is weakly compatible, we

have Tz =TBz =BTz =Bz and Az=Sz=1 (2.9)
Now, we prove that Tz = z . From (2.1) and (2.9), we have
d(z,7z)=d(Sz,Tz)

< max ( *(Az, Bz){ A(AZ .S2)+d*(Tz, SZ)} di(Az,Tz){dj(SZ'AZ)?”(BZ,TZ)}

d*(Bz,Tz)+d*(Bz, Az) | d*(Sz,7z)+d*(Az,Bz) |
d*(Az,Sz)+d* (Az,Bz)
4" (Tz,B2)d" (12,52 {dl Sz,Tz)+d*(Tz, BZ)D
“(z,2)+d*(Tz,2) d*(z,z)+d*(Tz,Tz)

st TZ{ T2 T2)d 12 zﬂd S e

(z Tz)
d* Tz Tz Tz z
d z Tz Tz Tz)

= max(d*(z,T2)1,d*(Tz,2)

<d*(z,Tz)

This implies that d (Z,TZ) =1, thatis Tz=12

Hence, z=Sz=Az=Tz=Bz

Therefore, we obtain z=Sz= Az =Tz =Bz so z isacommon fixed pointof S,T ,Aand B .

Case 2. Suppose that S is continuous, then lImMSAX, = IImS X, = SZ. Since the pair (S, A) is
n—

n—oo

compatible, from (2.5) we have
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limd(SAx,,, ASx,, )= limd(Sz, ASx,, ) =1

n—oo nN—oo

Thatis, lim ASx,, = Sz (2.10)

n—oo

By using (2.1), we have

d* (ASXyy, 5%y, )+ 0% (TXy0, 5%, )
dﬂ (Bx2n+1'TX2n+l) + dl ( 2n+17? ASXZn)

A (87X, Ty ) < max[dﬂ (ASX,,, me)[

di(SZXZn’ SXZn) dﬂ( 2n+1’TX2n+l):l

dﬂ' ASX, ,Tx n+ |
( e 1)[dl(s X2n!TX2n+l) dl(ASXZ“’BXZMl)

0% (ASK,,, 52X, ) +d* (ASK,, BxM)D

di<Tx2n+1,8xm>d*<Txm,szxzn>[dﬂ(szx Do) 787 (D B
2n? 2n+1 2n+1? 2n+1

Taking limit N — oo on both sides in the above inequality, using (2.5) and (2.10), we get

*(Sz,5z)+d* (Z,Sz)}’dﬂ (Sz,z){dl (Sz,5z)+d* (z,z)}

2 d* (
d(Sz,z)gmax(d (SZ’Z)[ d*(z,z)+d*(z,52) d*(Sz,z)+d*(Sz,z) |
; ) d*(Sz,Sz)+d*(Sz,2)
4" (z.2)d (Z’SZ)[ d*(Sz,z)+d*(z,2) D
= max(d*(Sz,2)L,d*(z,5z))
d(Sz,z)<d”(Sz,2)

This means that d(SZ, Z) =1, thatis, Sz =z (2.11)
Since 2=S7eSX «BX, there exists z" e X such that z=Sz=Bz"
(2.12)

Using (2.1) and (2.12), we have
d(z,7z")=d(Sz,72")

Smax(d*(Az,Bz*{ddE(Az'Sz)ﬁ“d (rz", SZ))} 0 (A Tz {d (sz, Az)+dl(Bz*,Tz*)}

(B2", 72" )+d*(Bz", Az d*(sz, 72" )+d*(Az,Bz") |

d*(Az,Sz)+ Az Bz D

di(Tz*,Bz*)d’l(Tz",Sz){d (S - ﬂ
7,72 +

—max{d’l(z,z)[dl(z’z)m (Tz z)} 4 (z o )[dﬂ (z,z)+d* (z,Tz*)},

d*(2,72")+d*(z,2) d*(2,72")+d*(z,2)

d* (Tz*, Z)dl (TZ*1 Z)de(lzf:zf; ijj E'IZ'ZZ)Z)B
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= max(l, d’ (z,Tz*), d (z,Tz*))

<d (z,Tz*)

This implies that d(Z,TZ*)zland so T2"=z=Bz". Since the pair (T, B) is weakly compatible, we
obtain Tz=TBz =BTz =Bz andSz=Bz=Tz =z (2.13)
Now, we prove that TZ = Z . Using (2.1), we have

d” (AXy, SXyp ) +d” (T2, 5%y, )
){ d*(Bz,Tz)+d* (Bz, Ax,,) }

2n 1

d (Sx Tz)gmax(dl(szsz

){d‘ (SXyy, AX,, ) +d (Bz,Tz)},

d* (S, Tz)+d* (Ax,,,Bz)

d’ (szn!SXZn)erl(szn,BZ)D

dﬂ(TZ,Bz)dﬁ(Tz,SXZH)li 47 (5% Tz)+d*(Tz B2}
2n 1 J

Taking limit N — oo on both sides in the above inequality, using (2.5) and (2.13), we get

§ ., d*(z,z)+d*(Tz,2)
d(z,Tz)< max{d (Z’TZ)[di(Tz,Tz)+d‘(Tz,z)}’

) d*(z,z)+d*(Tz,Tz)
d (Z’TZ){d’l (z,Tz)+d* (z,Tz)}

d*(z,2)+d*(z,Tz) D

d*(z,Tz)+d*(Tz,Tz)

d‘(Tz,Tz)d‘(Tz,z){

= max(di (2,Tz),1,d" (Tz,z))
d(z,Tz)<d*(Tz,2)
This means that d (Tz,z) =1, thatis, Tz = z (2.14)

On the other hand, since z =Tz e TX < AX , there exists Z € X such that z=Tz = Az"" . By using
(2.1) and Tz = Bz = z, we obtain
d(Sz**, z): d(Sz**,Tz)

Az, 527 )+ d* (T, SZH)}d‘(Az”,Tz{d sz, Az )+ dl(Bz,Tz)}

- im0 d
als: ’TZ)SmaX(d (ne ’BZ{ d*(Bz,Tz)+d*(Bz, Az™) d*(sz”,Tz)+d*(Az",Bz)

dl(Az”,Sz”)+d‘(Az“,Bz)D

i , -
d*(Tz,Bz)d (Tz,Sz )[ dﬁ(sz“,Tz)ﬁtdl(TZ,BZ)
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d(Sz**,z)s max((d‘(z,Sz**),l,di(Sz**,z))

Sd’l(Sz**,z)

This implies that d*(Sz”,z)=1 and so Sz”™ =z=Az". Since the pair (S,A) is compatible,
d(Sz, Az)=d(SAz”, ASz™)=d(z,2)=1.

So AZ=SZ.Hence z=Sz=Az=Tz=Bz.

Next, we prove that S, T, Aand B have a unique common fixed point. Suppose that we X is also a

common fixed pointof S, T, Aand B then
d(z,w)=d(Sz, Tw)

Smax(d’l(Az,BW){

d*(Az,Sz)+d* (Tw,Sz) N d*(Sz,Az)+d* (Bw,Tw)
d* (Bw,Tw)+d* (Bw, Az)}d (AZ’TW)LA (Sz,Tw)+d* ( Az BW):|'

l ﬂ d* (Az,Sz)+d* (Aw,Bz)
d* (Tw, Bw)d” (Tw, SZ)LA (Sw,Tz)+d"* (Tw, BW)D

d(z,W)Smax{dl(z,w){

o
=
E

<d*(z,w)

This implies that d(Z, W) =1,s0 W= Z. Therefore, z is a unique common fixed point of S, T, A and B.

Finally, if condition (b) holds, then the argument is similar to that above, so we delete it.
This completes the proof.

Theorem 2.2 Let (X . d) be a complete multiplicative metric space, S, T , Aand B be four mappings

X into itself. Suppose that there exists A € (0, )and p,q e Z*
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suchthat S(X)c B(X), T(X)c A(X) and

2 d’l(Ax,pr)+di(Tqy,pr) 2 d’I(SpX,AX)+d’1(By,Tqy)
d(pr,Tqy)s max[d (Ax,By){ d‘(By,Tqy)+d’l(By,Ax) ,d (Ax,Tqy d‘(pr,Tqy)+dﬂ'(AX,BY)’

d*(Ax,S°x)+d* (Ax,By)
d* (T, By)dl(Tqy’spx)[dﬂ((spx,Tqy;+d‘(Tqy, By)D (2.15)

forall X, y € X . Assume the following conditions are satisfied:
(@) The pairs (S, A) and (T, B) are commutative mappings;

(b) oneof S, T, Aand B is continuous.

Then S, T, Aand B have a unique common fixed point.
Proof: From S(X)C B(X) : T(X)c A(X) we have
SP’X cSP*X c...c S*X = S'X < BX
and TIXcT"'Xc..cT?’X cT'X < AX

since the pairs (S, A) and (T, B) are commutative mappings,

SPA=S"'SA=SP'AS =S"?(SA)S =SP?AS? =.....= ASP
and
T“B=T‘HTB=T“’1BT:T“’Z(TB)T=T‘HBT2 = =BT

Thatistosay, SPA=ASPand T'B=BT?.

We know that the compatible pairs (S P, A) and (T q, B) are also weakly compatible. Therefore, by
Theorem 2.1, we can find that S, T, Aand B have a unique common fixed point z _

In addition, we prove that S T, Aand B have a unique common fixed point.

From (2.15), we have

d(Sz,2)=d(SP(Sz),T°2)

d(SZ Z)S max dl(ASZ Bz (ASZ SPSZ) d/l( SPSZ)
| | d*(Bz,T°z)+d*(Bz,ASz) |

4% (Asz, T2 d*(sPsz, ASz)+d*(Bz, T z)
’ d*(SPSz,T92)+d*(ASz,Bz) |

d‘ ASz, SpSz +d*(ASz,Bz
olﬂ(Bz,Tq ) qu S"Sz { ( )H

dﬁ SPSz, Tz +d’1 (qu,Bz)
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_ max{d‘ (Sz,z){d; (Sz,52)+d* (z,Sz):I,dl (Sz,z){di (s2.82)+d*(2.2) |

“(z,z)+d"(z,5z) d*(Sz,z)+d*(Sz,2)
., ., d*(Sz,Sz)+d*(Sz,2)
d*(z2)d (Z’SZ){ d*(Sz,z)+d*(z,2) D
= max(d*(z,52)1,d*(z,52))
<d*(Sz,2)

This implies that d(SZ, Z)zl, so Sz=7.
On the other hand, using (2.15) we have
d(z,72)=d($P2,T%(T2))

2 dﬂ(Az,Sp2)+dﬂ(Tqu,SpZ)
d(z,Tz)< max{d (AZ'BTZ){dﬁ(BTz,Tqu)erA(BTZ’AZ) :

; d*(SPz, Az)+d* (BT, T"T2)
| (AZ’TqTZ{d‘(S °2,T9Tz)+d*(Az,BTz) |

Az,S°z)+d”*(Az, BTz
d*(BTZ,TqTZ)dl(TqTZ’SpZ)[d (S(pmn; *ET“TZ,BT)Z)D

_ maX(di(z,Tz){ddi(z’ 2)+d*(Tz, Z))}dﬂ(z’Tz)[g‘(z, z)+dl(Tz,Tz)}

A(Tz,Tz)+d*(Tz,z (2,Tz)+d*(z,Tz) |

d*(Tz,Tz)d" (Tz, z)[ d*(z.2)+ ji (2.12) D

d*(z,Tz)+d"* (Tz,Tz)

~

= max(d*(z,72)L,d*(Tz,2))

<d*(z,Tz)

This implies that di(Z,TZ):l, solz=1.

Therefore, we obtain SZ=Tz2 =Az =Bz =12,s0 z isacommon fixed pointof S,T,Aand B.

Finally, we prove that S, T , Aand B have a unique common fixed point.

Suppose that W € X is also a common fixed pointof S, T ,Aand B , then

d(z,w)=d(S"z,Tw)

d*(Az,S°z)+d*(Tw,S"z d*(S°z,Az)+d”* (Bw,TW
di((Bw,Tq\?v)mE(Bw,Az))]’dl(AZ’TqW)[diESPz,T“V)V)NE(AZ’BW; |

d (sz,qu) < max[d‘ (Az, BW){
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dA(Az,S”z)+d‘(Az,BW) D

d* (Bw,Tw)d’ (qu,spz)[dﬂ (S°2,TW)+d” (T w, Bw)

+d*(w,2)

d(z,w) < max(dl (z,w)[ O(': (w2) },dl (z,w)[dl (Z’Z)”(': (W:W)D,

<
=
s

- max(d‘ (z,w),1,d" (W,z))

<d*(z,w)

This implies that d(Z,W)zl, soW=2.

Therefore, z is a unique common fixed pointof S,T,Aand B.

Corollary 2.1: Let (X , d) be a complete multiplicative metric space, S and T be two mappings of X into
itself. Suppose that there exists A € (O, %)such that
d* (x,Sx)+d*(Ty,Sx) | ., d* (Sx,x)+d*(y,Ty)
2 2 ,d (X’Ty) 7 7 '
d*(y,Ty)+d*(y,x) d*(Sx,Ty)+d*(x,y)
d* (x,Sx)+d”*(x,Yy)
d*(Sy,Ty)+d*(Ty,y)

forall X, y € X .Then Sand T have a unique common fixed point.

d(Sx,Ty) < max(d‘(x, y)[

d*(Ty,y)d* (Ty,Sx)lZ

By taking A= B =1 in Theorem 2.1, we can prove the above result.

Corollary 2.2: Let (X,d) be a complete multiplicative metric space, S and T be two mappings of X
into itself. Suppose that there exists A € (0, %)and p,geZ" such that

dl(X,SpX)+dﬂ'(Tqy,SpX) 2y T d’l(pr,x)+dl(y,Tqy)
d” (y.T0y)+d* (y,%) ]'d T y)ldﬂ(spxﬁy)*di(x’y) |

d(S"xTdy)< max[di (%, y)[

d*(y,T)d* (Tqy,pr)[

d*(x,8°x)+d”*(x,y) H

d*(pr,Tqy)+di(Tqy,y)
forall X, y € X .Then Sand T have a unique common fixed point.

By taking A= B = in Theorem 2.2, we can prove the above result.
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