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1. INTRODUCTION 

 

In this paper we deal with the following generalized 𝑘-Mittag Leffler function defined by 

𝑀𝑒𝑒𝑛𝑎 𝑒𝑡 𝑎𝑙.  8 , for 𝛼, 𝛽, 𝛾, 𝛿 ∈ 𝐶 and 𝑘 ∈ 𝑅 such that  

𝐸𝑘,𝛼,𝛽 ,𝛾
𝛿,𝑝  𝑧 =  

∞

𝑛=0

 𝛿 𝑛𝑝 ,𝑘

𝛤𝑘 𝛼𝑛 + 𝛽 

𝑧𝑛

 𝛾 𝑛,𝑘
 ;  𝛾 ≠ 0, −1, −2, …𝑎𝑛𝑑  𝑛𝑝 ∈ 𝑍+             1.1  

where 𝑅𝑒 𝛼 > 0, 𝑅𝑒 𝛽 > 0. 

For 𝑘 = 1 the generalized 𝑘-Mittag Leffler function  1.1 , reduced into the generalized Mittag 

Leffler given by 𝐾𝑕𝑎𝑛 𝑎𝑛𝑑 𝐴𝑕𝑚𝑒𝑑  12, 𝑒𝑞.  1.7 , 𝑝𝑝. 2  . 
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In 2013, 𝐾𝑕𝑎𝑛 𝑎𝑛𝑑 𝐴𝑕𝑚𝑒𝑑  12  introduced the following form of generalized Mittag Leffler 

function for 𝛼, 𝛽, 𝛾, 𝛿 ∈ 𝐶  and defined as 

𝐸𝛼,𝛽,𝛾
𝛿,𝑝  𝑧 =  

∞

𝑛=0

 𝛿 𝑛𝑝
𝛤 𝛼𝑛 + 𝛽 

𝑧𝑛

 𝛾 𝑛
 ;          𝑝 ∈  0,1 ∪ 𝑁                           1.2  

where  𝑅𝑒 𝛼 , 𝑅𝑒 𝛽 , 𝑅𝑒 𝛾 , 𝑅𝑒 𝛿   > 0  and   𝛿 𝑛𝑝 = 𝛤 𝛿 + 𝑛𝑝 /𝛤 𝛿 . 

 

In 1905, 𝑊𝑖𝑚𝑎𝑛  1  introduced the following form of Mittag Leffler function for 𝛼, 𝛽 ∈ 𝐶  and 

defined as 

𝐸𝛼,𝛽 𝑧 =  

∞

𝑛=0

𝑧𝑛

𝛤 𝛼𝑛 + 𝛽 
 ;                                                             1.3  

where 𝑅𝑒 𝛼 , 𝑅𝑒 𝛽 > 0   

 

In 1903, Swedish mathematician 𝐺. 𝑀𝑖𝑡𝑡𝑎𝑔 𝐿𝑒𝑓𝑓𝑙𝑒𝑟  5  introduced the following form of 

Mittag Leffler function for 𝛼 ∈ 𝐶  and defined as 

𝐸𝛼 𝑧 =  

∞

𝑛=0

𝑧𝑛

𝛤 𝛼𝑛 + 1 
 ;                                                            1.4  

where 𝑅𝑒 𝛼 > 0  and 𝛤 𝛼  denotes the gamma function. 

 

2. DEFINITIONS 

 

Definition 2.1 The 𝑘-Pochhammer symbol introduced by Diaz and Parigum  13 , defined as 

 𝛼 𝑛,𝑘 =  𝛼 𝛼 + 𝑘  𝛼 + 2𝑘 …  𝛼 + 𝑛 − 1𝑘                                           2.1                      

 𝛼  𝑛+𝑟 𝑞,𝑘 =   𝛼 𝑟𝑞 ,𝑘    𝛼 + 𝑟𝑞𝑘 𝑛𝑞 ,𝑘                                                         2.2  

where 𝛼 ∈ 𝐶 and 𝑘 ∈ 𝑅, 𝑛 ∈ 𝑁                            

 

Definition 2.2 The 𝑘-Gamma function introduced by Diaz and Parigum  13 , defined as  
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𝛤𝑘 𝛼 =  
∞

0

𝑒−
𝑡𝑘

𝑘  𝑡𝛼−1𝑑𝑡;  𝑤𝑕𝑒𝑟𝑒 𝑅𝑒 𝛼 > 0, 𝛼 ∈ 𝐶 𝑎𝑛𝑑 𝑘 ∈ 𝑅           2.3  

 𝑎𝑛𝑑                 𝛤𝑘 𝛼 + 𝑘 = 𝛼 𝛤𝑘 𝛼                                                                                              2.4  

Definition 2.3 The 𝑘-Beta function introduced by Diaz and Parigum  13 , defined as 

𝐵𝑘 𝑥, 𝑦 =
1

𝑘
 

1

0

 𝑡
𝑥

𝑘
−1 1 − 𝑡 

𝑦

𝑘
−1𝑑𝑡;       𝑥, 𝑦 ∈ 𝐶 𝑎𝑛𝑑 𝑘 > 0                          2.5  

 𝑎𝑛𝑑               𝐵𝑘 𝑥, 𝑦 =
𝛤𝑘 𝑥  𝛤𝑘 𝑦 

𝛤𝑘 𝑥 + 𝑦 
;       𝑅𝑒 𝑥 > 0, 𝑅𝑒 𝑦 > 0                                       2.6  

Definition 2.4 Let 𝛾 ∈ 𝐶 and 𝑘, 𝑠 ∈ 𝑅 then the following identity holds  6  

𝛤𝑠 𝛾 =  
𝑠

𝑘
 

𝛾

𝑘
−1

𝛤𝑘  
𝑘𝛾

𝑠
                                                                     2.7  

 𝑎𝑛𝑑 𝑖𝑛 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑐𝑎𝑠𝑒             𝛤𝑘 𝛾 =  𝑘 
𝛾

𝑘
−1𝛤  

𝛾

𝑘
                                                           2.8  

Definition 2.5 Let 𝛾 ∈ 𝐶 and 𝑘, 𝑠 ∈ 𝑅;  𝑛 ∈ 𝑁  then the following identity holds  6  

 𝛾 𝑛𝑞 ,𝑠 =  
𝑠

𝑘
 
𝑛𝑞

 
𝑘𝛾

𝑠
 
𝑛𝑞 ,𝑘

                                                              2.9  

  𝑎𝑛𝑑 𝑖𝑛 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑐𝑎𝑠𝑒              𝛾 𝑛𝑞 ,𝑘 =  𝑘 𝑛𝑞  
𝛾

𝑘
 
𝑛𝑞

                                                 2.10  

Definition 2.6 If 𝜇 be a real number such that 𝜇 > 0, then 𝑘-Riemann Liouville fractional 

integral of order 𝜇 is defined as  15  

 𝐼𝑘
𝜇
𝑓  𝑥 =

1

𝑘 𝛤𝑘 𝜇 
 

𝑥

0

 𝑥 − 𝑡 
𝜇

𝑘
−1𝑓 𝑡 𝑑𝑡;      𝑘 ∈ 𝑅                                2.11  

 

Definition 2.7 For 𝑓 𝑥 ∈ 𝐿 𝑎, 𝑏 , 𝑎 > 0, 𝑅𝑒  𝜂 > 0, 𝜂 ∈ 𝐶  the Pathway fractional integral 

operator is defined as   3  

 𝑃0+
 𝜂,𝜇 

𝑓  𝑥 = 𝑥𝜂  

𝑥

𝑎 1−𝜇  

0

 1 −
𝑎 1 − 𝜇 𝑡

𝑥
 

𝜂

1−𝜇

𝑓 𝑡 𝑑𝑡;                             2.12  

where 𝜇 is the Pathway parameter which is less than 1. 
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3. MAIN RESULTS 

 

Theorem 3.1 Riemann-Liouville fractional integral: If the condition  1.1  satisfied then the 

following image formula holds true 

𝐼𝑘
𝜇
 𝑡

𝛽

𝑘
−1𝐸𝑘,𝛼,𝛽 ,𝛾

𝛿,𝑝
 𝑤 𝑡

𝛼

𝑘   𝑥 = 𝑥
𝛽+𝜇

𝑘
−1𝐸𝑘,𝛼,𝛽+𝜇 ,𝛾

𝛿,𝑝
 𝑤 𝑥

𝛼

𝑘                      3.1  

where 𝑘 ∈ 𝑅 and 𝜇 be a real number such that 𝜇 > 0. 

 

Proof.  In order to derive  3.1 , we denote 𝐿. 𝐻. 𝑆. of   3.1  by symbol 𝐿1 and then expanding 

𝐸𝑘,𝛼,𝛽 ,𝛾
𝛿,𝑝  𝑡  by using equation  1.1  

𝐿1 ≡ 𝐼𝑘
𝜇
 𝑡

𝛽

𝑘
−1𝐸𝑘,𝛼,𝛽 ,𝛾

𝛿,𝑝
 𝑤 𝑡

𝛼

𝑘   𝑥 =
1

𝑘 𝛤𝑘 𝜇 
 

𝑥

0

 𝑥 − 𝑡 
𝜇

𝑘
−1𝑡

𝛽

𝑘
−1𝐸𝑘,𝛼,𝛽 ,𝛾

𝛿,𝑝
 𝑤 𝑡

𝛼

𝑘 𝑑𝑡      

𝐿1 ≡
1

𝑘 𝛤𝑘 𝜇 
 

𝑥

0

 𝑥 − 𝑡 
𝜇

𝑘
−1𝑡

𝛽

𝑘
−1  

∞

𝑛=0

 𝛿 𝑛𝑝 ,𝑘

𝛤𝑘 𝛼𝑛 + 𝛽 

𝑤𝑛

 𝛾 𝑛,𝑘
 𝑡

𝛼𝑛

𝑘 𝑑𝑡      

After interchanging the order of integration and summation, we have 

𝐿1 ≡
1

𝑘 𝛤𝑘 𝜇 
 

∞

𝑛=0

 𝛿 𝑛𝑝 ,𝑘

𝛤𝑘 𝛼𝑛 + 𝛽 

𝑤𝑛

 𝛾 𝑛,𝑘
 

𝑥

0

 𝑥 − 𝑡 
𝜇

𝑘
−1𝑡

𝛼𝑛 +𝛽

𝑘
−1𝑑𝑡      

Let 𝑡 = 𝑥𝑢, then we get 

𝐿1 ≡
1

𝑘 𝛤𝑘 𝜇 
 

∞

𝑛=0

 𝛿 𝑛𝑝 ,𝑘

𝛤𝑘 𝛼𝑛 + 𝛽 

𝑤𝑛

 𝛾 𝑛,𝑘
𝑥

𝛼𝑛 +𝛽+𝜇

𝑘
−1  

1

0

 1 − 𝑢 
𝜇

𝑘
−1𝑢

𝛼𝑛 +𝛽

𝑘
−1𝑑𝑢 

Now using the 𝐷𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 2.3, we arrived at 

𝐿1 ≡
1

𝛤𝑘 𝜇 
 

∞

𝑛=0

 𝛿 𝑛𝑝 ,𝑘

𝛤𝑘 𝛼𝑛 + 𝛽 

𝑤𝑛

 𝛾 𝑛,𝑘
𝑥

𝛼𝑛 +𝛽+𝜇

𝑘
−1 𝛤𝑘 𝜇  𝛤𝑘 𝛼𝑛 + 𝛽 

𝛤𝑘 𝛼𝑛 + 𝛽 + 𝜇 
 

𝐿1 ≡ 𝑥
𝛽+𝜇

𝑘
−1  

∞

𝑛=0

 𝛿 𝑛𝑝 ,𝑘

𝛤𝑘 𝛼𝑛 + 𝛽 + 𝜇 

𝑤𝑛

 𝛾 𝑛,𝑘
𝑥

𝛼𝑛

𝑘  

𝐿1 ≡ 𝑥
𝛽+𝜇

𝑘
−1𝐸𝑘,𝛼,𝛽+𝜇 ,𝛾

𝛿,𝑝
 𝑤𝑥

𝛼

𝑘  
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Theorem 3.2 Pathway fractional integral: If the condition  1.1  satisfied then the following 

image formula holds true 

𝑃0+
 𝜂,𝜇 

 𝑡
𝛽

𝑘
−1𝐸𝑘,𝛼,𝛽 ,𝛾

𝛿,𝑝
 𝑤 𝑡

𝛼

𝑘   𝑥 = 𝑥𝜂+
𝛽

𝑘   𝑘
𝜂

1−𝜇
+1

 

×   𝑎 − 𝑎𝜇 −
𝛽

𝑘   𝛤  
𝜂

1 − 𝜇
+ 1  𝐸

𝑘,𝛼,𝛽+𝑘 
𝜂

1−𝜇
+1 ,𝛾

𝛿,𝑝
 𝑤  

𝑥

𝑎 − 𝑎𝜇
 

𝑎

𝑘
                       3.2  

where 𝑤 ∈ 𝑅, 𝜇 < 1 and 𝑅𝑒  
𝜂

1−𝜇
 + 1 > 0. 

 

Proof.  In order to derive  3.2 , we denote 𝐿. 𝐻. 𝑆. of   3.2  by symbol 𝐿2 and then expanding 

𝐸𝑘,𝛼,𝛽 ,𝛾
𝛿,𝑝  𝑡  by using equation  1.1  

𝐿2 ≡ 𝑥𝜂  

𝑥

𝑎 1−𝜇  

0

 1 −
𝑎 1 − 𝜇 𝑡

𝑥
 

𝜂

1−𝜇

𝑡
𝛽

𝑘
−1𝐸𝑘,𝛼,𝛽 ,𝛾

𝛿,𝑝
 𝑤𝑡

𝛼

𝑘 𝑑𝑡 

𝐿2 ≡ 𝑥𝜂  

𝑥

𝑎 1−𝜇  

0

 1 −
𝑎 1 − 𝜇 𝑡

𝑥
 

𝜂

1−𝜇

𝑡
𝛽

𝑘
−1  

∞

𝑛=0

 𝛿 𝑛𝑝 ,𝑘

𝛤𝑘 𝛼𝑛 + 𝛽 

𝑤𝑛

 𝛾 𝑛,𝑘
 𝑡

𝛼𝑛

𝑘 𝑑𝑡 

After interchanging the order of integration and summation, we have 

𝐿2 ≡ 𝑥𝜂  

∞

𝑛=0

 𝛿 𝑛𝑝 ,𝑘

𝛤𝑘 𝛼𝑛 + 𝛽 

𝑤𝑛

 𝛾 𝑛,𝑘
 

𝑥

𝑎 1−𝜇  

0

 1 −
𝑎 1 − 𝜇 𝑡

𝑥
 

𝜂

1−𝜇

𝑡
𝛼𝑛 +𝛽

𝑘
−1𝑑𝑡 

Let 𝑢 =
𝑎 1−𝜇 𝑡

𝑥
, then we obtain 

𝐿2 ≡ 𝑥𝜂  

∞

𝑛=0

 𝛿 𝑛𝑝 ,𝑘

𝛤𝑘 𝛼𝑛 + 𝛽 

𝑤𝑛

 𝛾 𝑛,𝑘
 

𝑥

𝑎 1 − 𝜇 
 

𝛼𝑛 +𝛽

𝑘
 

1

0

 1 − 𝑢 
𝜂

1−𝜇  𝑢
𝛼𝑛 +𝛽

𝑘
−1𝑑𝑢 

Now using the 𝐷𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 2.3 & 2.4, we arrived at 

𝐿2 ≡ 𝑥𝜂  

∞

𝑛=0

 𝛿 𝑛𝑝 ,𝑘

𝛤  
𝛼𝑛 +𝛽

𝑘
  𝑘

𝛼𝑛 +𝛽

𝑘
−1

𝑤𝑛

 𝛾 𝑛,𝑘
 

𝑥

𝑎 − 𝑎𝜇
 

𝛼𝑛 +𝛽

𝑘
𝛤  

𝜂

1−𝜇
− 1  𝛤  

𝛼𝑛 +𝛽

𝑘
 

𝛤  
𝛼𝑛 +𝛽

𝑘
+

𝜂

1−𝜇
− 1 

 

𝐿2 ≡
𝛤  

𝜂

1−𝜇
+ 1 𝑥𝜂+

𝛽

𝑘  𝑘
𝜂

1−𝜇
+1

 𝑎 − 𝑎𝜇 
𝛽

𝑘

 

∞

𝑛=0

 𝛿 𝑛𝑝 ,𝑘   𝑘
−

𝛼𝑛 +𝛽

𝑘
−

𝜂

1−𝜇

𝛤  
𝛼𝑛 +𝛽

𝑘
+

𝜂

1−𝜇
+ 1 

1

 𝛾 𝑛,𝑘
 

𝑤𝑥
𝛼

𝑘

𝑎 − 𝑎𝜇
 

𝑛
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