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Abstract : In this paper we have proved a theorem for |N,ps, B, 8], summability.

However our theorem is as follows

THEOREM:
Let {p, } be a positive non-increasing sequence such that p; — o, and

i (proll>[3(5k+k—1)—k 1 _0 (Pva)ﬁ(5k+k)—k 1
nept1 Pna Pff—1 pg Pva .

If Ya, is [ﬂ, Pns S]k, bounded and {.7,,} is a sequence such of that non-negative,
non-increasing,

Suchthat pY¥ A, <o
and

B A2, = 0(py Ay),

then the series Ya, A, is summable |N,p%, B, k=1

1. DEFINITIONS AND NOTATIONS
SINGH and SHARMA [8]-Let Za” be a given infinite series with s, for its n-th

partial sums. Define
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n (1.1)

where

A = (n+an)= (a+1)(a+2)(:+3) ...(a+n)’a>_1

and {p,} a sequence of real numbers such thatp, > 0,p, = 0,n = 1,2,3, ...

Let {t7} be the sequence of (N, p5y) mean of the sequence {s,, },

1 (1.2)
th =2z PES.PS £ O
Py
v=0
The series Y.a,, is said to be summable [N~ p%|,,1 < k, if
BOR [1]
k-1 1.3)

o0 P(l
> (—a) 14t8_, ¥ < o,
— Pn
n=1
and it is said to be summable |N7, p%; 8|,k = 1and 5 = 0, if BOR [5]

pay Sk+e-1 (1.4)

Z ( ) 1At8 |k < oo,

n=1

where

(1.5
At5_4 P“P“ Z Pfa,,n>1
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In the special case when & = 0 and @ = 1, |N7, p¥; 6], summability is that same as

IN7 | Summability.

Moreover, the series Y.a,, is said to be summable [N~ p,,B; 61k, k = 1,6 = 0 and

£ = real number, if

B (8k +k—1)

o0 Pa
> () a8, < oo
- Pn
n=1
However for p,, = 1, for all n, the above definition reduces to [C, 1, 8; 8]

The series Y.a,, is said to be [N7,p, 1, k = 1, if BOR [1]

- (1.6)
v=1

and it is said to be [N, p,;; ], bounded, k > 1, if BOR [3]

1.7

n ok

Pv k _

— pvlsvl —O(Pn),dS' n—o
Dy

v=1

If we take J =0, then [N’ p,;d8], boundedness is the same as [N p,lx

boundedness.
Now, we shall define [N, p%, B; 8], as follows;

The series Y.a, is said to be [N~ p&,B8; 61,; (k = 1,8 = 0 and £ is real number) if

I p,\B @k H—k (1.8)
> &) pelslt = 0B, @5 n— e
v=1 r

A sequence {7 ,} is said to be convex (ZYGMUND [9]), if 4%A,, > 0 for every

positive integer n, where 421, = AA, — A, and 44, = A, — Aypq.
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2. INTRODUCTION :
BOR [4] has proved the following theorem for [N p,, |x

summability.

THEOREM A :
Let {p, } be a positive non-increasing sequence such that P, — o0, asn — oo and

1 om 2.2)

n

If Y¥a, is [N, p,], bounded and {.Z,} is a convex sequence such that ¥p,A, is

convergent, then the series Y.a, 4, is summable |ﬁ, pnlk'k >1.

If we take k = 1 in this theorem, then we get a result of CHEN [6].

Later on Theorem A of BOR [4] was proved by SEYHAN [7] under the weaker

condition. However his theorem is as follows.

THEOREM B :
Let {p, } be a positive non-increasing sequence such that P, — o, asn — . If Ya,

is [N, p, ], bounded and {.7,,} is a sequence of non-negative, non-increasing, and ¥:p,,1,,

is convergent, P, 42, = 0(py4,), then the series Y.a, 4,, is summable |N, p, | , k = 1.

3 We shall prove the above theorem for |ﬂ, e, B; 5|k summability.

THEOREM :
Let {p, } be a positive non-increasing sequence such that B* — «, as n — oo, and
» pa\B@k+k=D~k 4 pa\B@k+)—k 4 (3.2)
2. ) -0Ge)
pg Pna—l pg Pva
n=v+1

If Ya, is [N7,p,; 61, bounded and {.7,,} is a sequence of

non-negative, non-increasing,
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(3.2)

2 pEA, < o

and
B A2, = 0(pnAy) 3.3)
then the series Y.a, A,, is summable |[N7, pZ, B; 8|, k = 1.

4. We need the following lemma for the proof of our theorem.
Lemma :
If {Z,} is a sequence such that it is non-negative, non-increasing and Yp%A,, is

convergent, then

(4.1)
> P =0 a now

(4.2)
Z PIAA, <oas n— oo

The proof of above lemma follows on the lines of BOR [2].

5. PROOF OF THE THEOREM :
Let (T,%) denotes the (N7, p%) mean of the series Ya, A,,.

Then, by definition, we have

n

n v
1 1
To=oed PE) ah=z ) (BF-PL)a,
" v=0 r=0 n

v=0

then, we have

n
Pn
TE =T = o> piaadin 2 1,(P% = 0)
n fn—1 4=
v=1
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By Abel's transformation we have

n—1 n—1

—Pn P Pn SnAn
Tr? ;lx 1= Papna_l 21 p{fsvlv + PnaTna_l Z PU“SVA)LU + Pna
v= v=

= Tr(lz,l +T1tlx'2 +T7?'3, say
To prove the theorem, by Minkowski's inequality, it is sufficient to show that

% pa BEKH-D (5.1)
Z ( ) e [ <o, fr =123

Since 4, =0 (Pia) = 0(1), by (4.1) and applying Holder's inequality with indices
k and k', where % + ki = 1 and by using (3.1), we get that

Pa B (6k+k—1)

Z () T, <

m+1 Sk +k—1 n—1 k
y (Pn“)ﬁ( T ph S s
4 \pn Pihii& T
= Y pa \k by Ay 1Sy
n=2 Pn (Pn_l) v=1
m+ pa B@k+k-1)~k 4 n—1 1 n—1 k=1
Z () s ps(mkw{m > ps}
n=2 153 =193
m m+1 a B((k+k—1)—k
— a k k Pn 1
- 0(1) Py (/117) |Sv| —a pa
v=1 n=v+1 Pn n-1
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B (8k +k)—k—1

= 0(1)21 (%) |5, 1 (2,)*

—0(1) i pilsu )G ()
v=1 v

B (8k +k)—k

m a B(Sk+k)—k
=0 pils @) (o)

v=1 v

m-—1

pay BGk+)—k

v
=ow ) ) () pels, I
z=1 d

v=1
m pa BOk-+k)—k
v
+ +0(1)7Lmz (—a) pyls,|*
L \ps

m—1

- o) Z A2,P% + 0(1)A,,PE = 0(1).
v=1

by virtue of (1.7), (4.1) and (4.2). Again, by using the condition (3.3), as in T;7;, we have

that
m+1
pay B(Gk+k=1) .
> () Tl <
n=2 n
m+1 pa\Bk+k=1)—k 4 n-l k
<2, G T DO
= Pn n—1 =1
m+1 pa\BGk+k-1)—k 4 n—1 k
=om ) () —k{Z pwm]
n=2 Pn (Pn—l) v=1
=01). as m-oow; as i Ty
Finally, as in T, we have that
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B (8k+k—1) m B (8k+k—1)

> & e -y (©)

pEsy Ay |
Pn“

pay BGk+k=1)—k

1)21 (p—) 15 1 (1,)*

m pay B(Sk+k)—k
<01 L a|s k(A
— ( ) a pnlsnl ( n)
L \pn

=0(1). aam > oo;asinTy,
Therefore, we get that

0 Pa B(8k+k-1) I
z ( ) 7e |“ =01), @ mow, fr =123,

This completes the proof of the theorem.
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