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ABSTRACT

In this paper, we investigate the first order quadratic
functional differential equation on unbounded intervals.

We prove the existence and attractivity results of the
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1. INTRODUCTION

Consider the following quadratic functional differential equation on unbounded intervals,

[mmw
[t u(t)

Where peCRB(R,),f :R, x R>R\{0} , g:R, xRxC— Rand h:R, xRxC— R.

} = g(tu@),u)+ht,u(t),u)+k,u()u), aeteRr, (1.1)

The problem(1.1)have been studied on closed and bounded intervals by Hale [13],

Ntouyas [16] Dhage [11].The above problem (1.1 ) is not discussed on unbounded
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intervals .Here, we have discussed on unbounded intervals and prove the existence,
attractivity results applying hybrid fixed point theory.

2. Auxiliary Results

Let/, =[—-0,0] be a closed ,bounded interval in real line R for some real numbero >0

andletJ =1, UR,.

We have listed the following result for proving the main existence result.
Theorem2.1 (Dhage[10]). Let S be a non-empty, closed convex and bounded subset of
the Banach algebra U and Let 4 :U —»U and B .S —U be two operators such that

(i) A is D-Lipschitz with D-function v,

(ii) B is completely continuous,

(iii) u=AuBv=ueS forallveS,and
(iv) My (t)<r,where M :||B(S)||=sup{||Bu|| :ue S}

Then the operator equation Au Bu=u has a solution in S.

3. Existence Results
We have needd some definitions.

Definition 3.1. The solutions of the operator equation Qu(¢)=u(¢) are locally attractive if
there exists a closed ball B, (u,)in BC(I, UR,,R) for some u,e BC(I, UR,,R) such that

for arbitrary solutions u=u(t) and v=v(t) of equation Qu(t)=u(t) belonging to l_?r (u,)

In the case when the limit is uniform with respect to the set B, (,), then say that
solutions of equation Qu(¢)=u(t) are uniformly locally attractive on/, UR,.
Definition 3.2. A solution u = u(t) of equation Qu(¢)=u(¢) is said to be globally
attractive if }i_g}(u(t)—v(t)):() holds for each solution v = v(t) of Qu(¢)=u(¢) in
BC(, VR ,R) '

Main Result

Consider the following set of hypotheses.

(A1). There is a continuous function h : R, — R, such that

| g(t,u,v)[<h(t) ae. teR,
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forallue R and veC. Also, let lim| p(¢)| jo h(s)ds =0
t—0

(4,)$(0)20

(A3). The function ¢t — £'(¢,0,0)is bounded on R, with F, =sup{| f(¢£,0,0)| : t R }.

(A4) .The function f: R, x R — R is continuous and there exists a function
leBC(R,,R) and a real number K > 0 such that

| Fta) - £ | 10— for all teR, and u,veR also
K+|u—v]| .

suppose sup,., {(t)=L.

(40, }Lrgﬂ f(tu) \—f(t,v)]:Oforallue R.

(46) . 1(0,¢(0)) =1

(A77). Suppose u —

is injective.

,u)
Theorem 3.1. Suppose that (4,), (43), (A4), (Ag) and(A7)) holds. Further, assume that
Lmax{||¢[,|¢0)|[ al +W} <K. (3.1)

Then problem (1.1) admits a solution and solution is uniformly globally attractive.
Proof. Now, using hypotheses (4¢) and (45 ) it can be shown that the problem (1.1) is

equivalent to the functional integral equation

[f(t,u(t))](gb(O)cT(t) +al(t) Lt[g(s,u(s), u )+ h(s,u(s),u,)+ k(s,u(s),u_q)]ds), ifteR,
P(t), iftel,

u(t)=

(3.2)
Set U = BC(I, UR_,R)and define a closed ball E,,(O) in U centered at origin of radius r
given by

r=max{L,L+F,fmax {|| 4[| ) ||| || +W}

Define the operators A, Bon X, E,,(O) respectively by

(t,u(t)), ifteR
Au(t) = {f , J1er, (3.3)
L, iftel,
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And Bu(t) = HO)p(O)+ p|, [8(s,1(5),u,)+ h(s,u(s), ) +k(s,u(s)u,) |ds, if teR,
o), iftel,.
Then the equation(3.2) is transformed into the operator equation as
Au(t) Bu(t)=u(t), tel, UR,. (3.4)
We have to Show that A and B satisfy all the conditions of Theorem 2.1 on

BC(I,UR,_,R) First we show that the operators A and B define the mappings
A:U—Uand B :B.(0)—U. be arbitrary. Obviously, Au is a continuous function on
I, UR,.We show that Au is bounded on/; UR, . Thus, ifte R, then we obtain:

| Au@)|=]f(t,u(@)]| < | fEu@) - f(@0)[ +] f(z,0)]

<D g < yF
T KHu) ’

Similarly, | Au(¢)| <1 foralltel,. Therefore, taking the supremum over t,
| Au|| < max{l,L+F,} = N || Au|| < max{l,L+F,} = N
Thus Au is continuous and bounded on /, U R, . As aresult Au € U. It can be shown that

Bu € U and in particular, 4 : U - U and B: B,(0)—U. We show that A is a Lipschitz on

U. Letu,v € U be arbitrary. Then, by hypothesis (43),
|| Au — Av|| = sup | Au(t) — Av(¢t)]

telyUld |

< max{ sup | Au(t)— Av(t) |,sup | Au(t) — Av(t) |}

tel, tell |

< max {O, tsgpf(t ) KL”|(Z£)(;)V_(?(L) |}

< Llu-v]
K+||u—v||
. . . . . . Lr
forallu,v € U. This shows that A is a D-Lipschitz on U with D-function y (r) = X
+7r

next, it can be shown that B is a compact and continuous operator on U and in particular
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on B (0) Next, we estimate the value of the constant M.By definition of M, as

| B(B,(0)) || = sup{|| Bu/ : u € B,(0)}

= sup{ sup |Bu(t)|:u eEr(O)}

telyol,

< sup{max {sup | Bu(t)|,sup | Bu(t)| } : ueEr(O)}

tel, tel,

< sup {max{]| ¢, 4(0) u(0)

ue B,(0)

+sup| p(0)| [ g(s.u(s),,)+ h(s,u(s),u,) +k(s,u(s),u)| ds}}

teR,

< max {141, 16D p | + )
Thus,
| Bu|| < maX{||¢||, 140) |1 p| + W} =M

forallu € B,(0).Next, letu,v € U be arbitrary. Then,
lu() | < [Au(@)| | Bv(?)|
<[ Aull || Bv||
<[[4@) |l B(B,.(0))]|
< max{l,L+F}M
<max {1, L+ £, }max (|| || 4O || o | + W}

=r

Forallt € I, UR,.Therefore, we have:
| <max {1, L+ F, }max || |1, 40| || p ||+ | =7
This shows that u € Er (0) and hypothesis (iii) of Theorem 2.1 is satisfied. Again,

L max{l| 4[| $O)| || p ||+ | r
M(r) < <r
K+r

For r>0, because L max{|| I ONE +W} <K.

Therefore, hypothesis (iv) of Theorem 2.1 is satisfied. Now we apply Theorem 2.1 to the

operator equation Au Bu = u to yield that the problem (1.1) has a solution on /, UR,
Moreover, the solutions of the problem(1.1) are in Er(O) Hence, solutions are global in

nature.
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Finally, letw,v € B (0) be any two solutions of the problem(1.1) on 7, UR, . Then
|u()—w(1)| < |[f<t,u<r))](¢(0>z3(r> + p(0) I;[g(sm(s),ua+h(s,u<s),us>]+k<s,u<s>,us)ds)
—[f(t,v<r)>](¢<0)5<z> + (1) L’[g<s,v(s>,vs)+h(s,v<s>,vs>]+k(s,u<s>,vs>ds)
<I (6 u(@) = £ @ v(0) |(¢(0>E<z) +p(0) Lj[g(s,u(s),umh(s,u(s),u,a]+k(s,u<s>,us)ds)

g(S,M(S),us)_g(sau(s)’us)]_ ds
h(s,u(s),u,) = h(s,v(8),v,) ] =[k(s,u(s),u.) = k(s,v(s),v,)]

+] f(t,v(t)){z_a(t) [ ﬁ
| £u(0) = £ @] (| 4O )] +] p(0) [ hs)ds
2| S )~ @0 [+ £1.0) []r(0)

i@ —v(@)| -
< (t)K+|u(t)—v(t)|(|¢(O)|Hp”+R) (3.5)

. 2[r(t)|v@|
K+[v(0)|

+E)}’(t)

< LUSOLIPIL+R [O=OL o ;5,0
K +|u(t) —w(0)|

Taking the limit superior ast — o< in the above, we get

lim [u(f) = ()] =0

Hence, there is a real number T > 0 such that |u(t) — v(t)| < € forallt > T.

Obviously, the solutions of problem(1.1) are uniformly globally attractive on 7, U R, This

completes the proof.
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