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  ABSTRACT   

 
 

The main objective of this paper is to offer an analytic solution to study 

the critical buckling of orthotropic rectangular clamped plate resting on 

elastic foundation. An improved technique based on wide panel-transition 

matrix is presented here. Strip technique based on wide panels is 

implemented with exponential matrix to achieve the purposed analytical 

solutions. Reduction the number of strips of the decomposed domain of 

plate is successfully substituted by a little number of wide strips to save 

time and effort without decreasing the accuracy.  The critical buckling of 

rectangular plate under in-plane compressive forces is studied under the 

effect of acting in-plane forces. Analytic results of buckling loads are 

obtained for orthotropic clamped plate. The study includes the effects of 

the aspect ratios and coefficients of elastic foundation on critical buckling 

of rectangular plates. Validity of the present method is examined by 

comparing the obtained results with those available in literature. 

Comparisons proved the good accuracy of the present technique. 
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I. INTRODUCTION  
Thin elastic plates subjected to in-plane compressive forces are often encountered in the aircraft, automotive 

industries and various engineering fields. Under none simply supported boundary conditions, analytical 

solution of plate subjected to buckling is not easy. Owing to the complicated mathematical structure of the 

general boundary conditions, closed form solution are generally difficult to be achieved. Approximate or 

numerical methods must, therefore, be resorted to the solutions. Pablo Moreno et al [1] offered a study on 

buckling and vibration of anisotropic plates and beams by Ritz method. L. N. Yshii et al [2] used the 

polynomial and the other trigonometric functions to check the accuracy of the linear buckling on anisotropic 

plates. Bank and Yin [3] studied the uniaxial buckling of orthotropic plates with free and rotationally 

restrained unloaded edges. A.V. Rodrigues et al [4] studied the laminated plates subjected to buckling force 

using differential quadrature method and Murakami’s Zig-Zag  theory. Ovesy and Fazilati [5] applied a 

Reddy type shear deformation theory to develop the semi- analytical and spline finite strip methods for 

prediction the behavior of thick plate. S.K. Lai and L.H. Zhang [6] studied the vibration and buckling on 

cracked orthotropic plates under the thermal effect. Hayder A. Rasheed et al [7] derived a closed form 

solution for anisotropic composite plates with simply supported edges under axial compressive force. 

Thermal buckling of laminated panels under the effects of locally distributed temperature and anisotropic 

properties has been analyzed by Jinqiang Li et al [8]. S.M. Ibrahim et al [9] used refined theory to analyze 

buckling of composite beams. Huu-Tai Thai and Dong-Ho Choi [10] applied an efficient refined theory to 

analyzed buckling of tapered plates. W eiZhang and Xinwei Wang [11] studied elastoplastic buckling of 

thick rectangular plates by using the differential quadrature method. 
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A Rayleigh–Ritz numerical integration method is applied by Kaidas and Dickinson [12] to investigate the 

buckling and vibration for plates under combined in-plane forces. An analytical spectral stiffness method, 

depending on the advantages of superposition method was achieved by Xiang Liu et al [13] to studied 

buckling of plate resting on Winkler foundation. A Semi analytical technique based on finite strips and 

transition matrix, which was presented by Farag [14]-[17], has been modified her successfully for extended 

work of plate critical buckling. Farag [16] studied buckling and vibration of isotropic plate under in-plane 

force by a semi analytical solution based on transition matrix produced from Range Kutta fourth order. Sohan 

R. et al [18] offered a recent study in linear, nonlinear and post buckling of a stiffened plate with internal 

cutouts. In the present paper, limited numbers of equal wide strips have been used to express an analytic form 

of transition matrix. The present method is analytic technique to solve the critical buckling of clamped 

orthotropic plate CCCC under in plane forces. The effects of aspect ratios, un-axial and bi-axial in-plane 

forces and orthotropic properties on the critical buckling are investigated. The accuracy for the obtained 

results is examined. The obtained values are compared with those available in published papers with good 

agreement.  

 

II. GOVERNING DIFFERENTIAL EQUATION 
The dimensionless partial differential equation governing buckling of orthotropic plate subjected to in-plane 

compression forces xN  and yN  is:  
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Value K  is the modulus of elastic foundation while 
b

a
  is the aspect ratio where ba,  are the dimensions 

of plate in  ,  directions respectively. 

 
The displacement ),,( tW   of plate is: 

 

   M
1 )()(),( m mmW   (2) 

 

)(m  is unknown longitudinal function satisfying boundary conditions of the clamped edges of plate at 

1,0 . On the other hand, )(m  is a basic function of plate in   direction, to be achieved according to 

the clamped conditions: 

 

0'  mm      
at     1,0   (3) 

 

Therefore: 
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Multiplying both sides of equation (1) by m and integrating them with respect to from 0  to 1  , one can 

obtain: 
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Where: 
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For more convenience, Eq. (5) becomes: 
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Where      Tmmmmm                , T  means transpose. 

 

For orthotropic plate there is little number N  of equal wide strips lieutenant with 1N nodal lines  

NNj ,1,......,,.....2,1,0   . The general solution  
jm of equation (6) due to the initial vector  

0m  is 

expressed at thj nodal line as: 
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Matrix jlkT ][ , is called the thj   transition matrix based on series expansion of the exponential matrix 

jmA
Ne

][
1

  

Where  jmA ][ is a fundamental matrix so that: 

 



























0)
2

(0)(

1000

0100

0010

][

2

2

4
1









m

ymm

m

mGxmm

jm

a

Nac

a

aKNce

A  (8) 

 

Exponential matrix 
jmA

Ne
][

1

is expanded analytically with an arbitrary truncation number Q  of the power 

series expansion [19]. Calculations show that truncation number 12Q  is enough for excellent accuracy. 

 

Equation (7) is applied for each orthotropic strip until the final end F of plate is covered. Then the final end 

vector  
Fm  is: 

  

   
0, ][ m

N
lkFm T   (9) 

 

III. BOUNDARY CONDITIONS at 1,0  
The boundary conditions [20], [21] of clamped edges at 1,0  are: 

 

0'  mm                     at 1,0  (10) 

 

Initial vector  
0m  at 0  is: 

 

   Tm 210 00    (11) 
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Where 1  and 2 are two arbitrary constants. Boundary conditions for the final clamped edge of plate at 

1 , are applied in Eq. (9) to yield the Eigen values of critical buckling forces involved in: 
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IV. RESULTS AND DISCUSSIONS 
The created method is used to study rectangle orthotropic clamped plates with different values of aspect ratio, 

orthotropic properties and in-plane forces. The achieved solutions are expressed analytically and represented 

graphically for the studied cases. The validity of the present technique is proved by comparing the achieved 

results with those available in literature. For orthotropic clamped CCCC plates under in-plane compressive 

forces yx NN , , the normalized critical biaxial buckling force 
22 

yx
NN

R   and uniaxial buckling force 

2

xN
R  or 

2

yN
  are applied when the analytical solutions are derived.  

The normalized critical buckling force R  are calculated for three different cases of orthotropic plates, as 

shown in table 1, for a range of aspect ratio 
b

a
  varies from 00.2to25.0  and under unaxial load yN  

while 0xN . The results are compared with those available in [16] showing a good accuracy for the present 

technique. 

 

 

 

 

Table 1: Critical buckling forces R  for rectangular orthotropic  

clamped plates  CCCC under unaxial load yN  while 0xN . 

  xyyx HDD  5.05.0  
xyyx HDD  5.0  1 xyyx HDD  

 Present Present [16] 

0.25 2.181540417 4.094836475 3.419013944 2.55739591 

0.50 6.405446468 5.173544722 5.541231104 5.55123000 

0.75 7.577612600 6.526286088 8.815086126 8.96983177   

1.00 8.826204583 7.089331100 10.06367811 10.0697699 

1.25 9.869557909 8.691031800 11.10703143 11.1073993 

1.50 11.90967601 11.07755740 13.14714954 13.1472809 

1.75 14.72141895 14.10604361 15.95889248 15.9588041 

2.00 18.18422538 17.71162850 19.42169891 19.4215317 

 

 

 

The analytical solutions for the normalized biaxial critical buckling force 
22 

yx
NN

R   are derived for 

orthotropic clamped plates CCCC under in-plane compressive forces yx NN , as the first mode eigen value of 

R . The implicit formulae of critical bulking eigen values are expressed analytically and represented 

graphically for each case:   

 

 

Case 1: A square orthotropic clamped plate with yxyyx DHDD 5.0,5.0   under external in-plane 

compressive force yx NN   where 0GK , is studied and the closed form solution of the critical buckling 

force R  is expressed by: 
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1923-1822-2329-

2431-1317-1013-911-
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2.234(10)-0)1.209438(1-1.266574539+ 910.05052063+

0)1.160088(1+ 5.8319-(10)8.84493140+

(10)4.27183125-(10)1.52041325+10)0.4853420(-

 5070.00073002+ 610.00761579-10)0.2370521(+ 2.184075006- )(

RRR

RRRR

RRRR

RRR

RRR

RRR

RRRRRf 

 

 (13) 

 

The critical buckling force R  is evaluated in the first mode, (See Fig. 1), where 0)( Rf  and 

687913836.3R . 

 

 

   
Fig.1 Critical buckling force  R  for orthotropic square clamped plate under in-plane force  

where yxyyx DHDD 5.0,5.0  , yx NN   ,
 
, 0GK  

 
Case 2: A square orthotropic clamped plate with yxyyx DHDD 5.0,5.0   under external in-plane 

compressive force yx NN   and resting on homogenous subgrade base with 100GK  , is studied and the 

closed form solution of the critical buckling force R  is expressed by: 

 

1217-1115-1013-911-1822-

1720-89-78-2329-

2228-1619-1519-

1418-1317-2431-2126-

2024-1923-265-

3-443

8.17(10)-7.245(10)-7.863(10)+5.2995(10)-0)8.004473(1+

0)1.135343(1-)2.52938(10+)8.98039(10-1(10)1.27589400-

(10)8.82059056+1.306144168+0)1.017446(1+ 3.8543(10)-

2.0340(10)-2.823(10)+2(10)1.07773714+(10)4.24405099-

(10)1.50196076+10)4.0088273(-770.05402039+ 10)0.2431114(+

(10)0.50054229-2080.00075878+490.00800600- 6.202176664- )(

RRRRR

RRRR

RRR

RRRR

RRRR

RRRRRf 

 (14) 

 

The critical buckling force R  is evaluated in the first mode, (See Fig. 2), where 0)( Rf  and 

7093012881.4R  
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Fig. 2 Critical buckling force R  for orthotropic square clamped plate under in-plane force  

where yxyyx DHDD 5.0,5.0  , yx NN   ,
 
, 100GK  

 

Case 3: A square orthotropic clamped plate with yxyyx DHDD 5.0,5.0   under external in-plane 

compressive force yx NN   and resting on homogenous subgrade base with 500GK  , is studied and the 

closed form solution of the critical buckling force R  is expressed by: 

0.486547279+7360.06910523+2(10)1.07773714+

1(10)1.27589400-(10)8.72322710+(10)4.13292992-(10)1.42863019+

10)3.6733595(-0)6.880962(1+)8.53374(10-)4.92894(10+

2.9524(10)+(10)0.26821587+(10)0.56388516-2450.00087950+

3320.00966189-7.3030(10)-3.847(10)+1.263(10)+9.049(10)-

8.163(10)+ 5.5700(10)-)2.69987(10+)9.73892(10-9.281970066- )(

22431-

2329-2228-2126-2024-

1923-1822-1721-1620-

1519-65-54-4

31418-1317-1216-1115-

10-139-118-97-8

RR

RRRR

RRRR

RRRR

RRRRR

RRRRRRf 

 (15) 

The critical buckling force R  is evaluated in the first mode, (See Fig. 3), where 0)( Rf  and
 

696344196.5R
 

 
Fig. 3 Critical buckling force  R  for orthotropic square clamped plate under in-plane force  

where yxyyx DHDD 5.0,5.0  , yx NN   ,
 
, 500GK  
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Case 4: A square orthotropic clamped plate with yxyyx DHDD 5.0,5.0   under external in-plane 

compressive force yx NN   and resting on homogenous subgrade base with 1000GK  , is studied and the 

closed form solution of the critical buckling force R   is expressed by: 

 

1621-1519-2228-2126-

2024-1216-1418-1721-

77-1114-21013-

911-89-1923-1822-

2329-2431-1318-54-

436-5

6.2991(10)-9.1311(10)+(10)8.60152274+(10)3.99402859-         

(10)1.33804546+6.868(10)+9.9021(10)-)5.32701(10-         

10)1.0737986(-1.1254(10)-4.765931244+3510.09052966+8.3683(10)+        

5.9084(10)-)2.92215(10+10)3.2658126(-0)5.550278(1+        

9(10)1.27589399-2(10)1.07773714+4.74(10)+(10)0.64897797-         

85320.00104368+3530.01195464-97(10)050.3016+580.39940352- )(

RRRR

RRRR

RRRR

RRRR

RRRR

RRRRRf 

 
(16) 

The critical buckling force R  is evaluated in the first mode, (See Fig. 4), where 0)( Rf  and
 

651058294.7R  

 

 
Fig. 4 Critical buckling force  R  for orthotropic square clamped plate under in-plane force  

where yxyyx DHDD 5.0,5.0  , yx NN   ,
 
, 1000GK  

 

V. CONCLUSION 
A combination between the series expansion and strip method is presented here to derive a closed form 

solutions for eigen values on buckling of plates subjected to in-plane forces. The plate under study is clamped 

orthotropic resting on elastic homogenous sub-grade base. On the present method the plate domain is divided 

into a limited number of wide strips (panels) to be solved by the power series expansion. A limited number of 

strips can be applied with increasing the number of terms of the expanded series to preserve a high accuracy 

in the achieved solution. The present method is illustrated and the accuracy is verified via several numerical 

examples examining buckling and vibration of orthotropic plate under the un-axial and biaxial in-plane forces 

and elastic coefficients of subgrade. The study shows a good agreement in comparisons which prove the 

validity and applicability of the present technique. 
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