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Abstract

In order to investigate various beneficial aspects of the sequences they generate, generating
functions are crucial. In this work, we prove several generating relations involving some
functions that Bin-Saad and Younis developed, which are quadruple hyper geometric
functions. We also take into consideration several intriguing exceptional situations of our
primary findings.
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1. INTRODUCTION
The hypergeometric series is the most useful and important special function, and it has
been studied to solve various problems in many areas of mathematics, physics, statistics,
and engineering. Hypergeometric series in several variables appear in numerous fields of
applied mathematics, mathematical physics, and chemistry. When it becomes an arbitrary
parameter, the nth derivative and n-fold integral are of interest in the theory of FC. S.F.
Lacroix gave the m th derivative to be starting from y = xn, where n is a positive integer.

d™y n!

dxm™ (n—m)!x

He arrived at the formula by using the GMF as normal, substituting Yi form, and any

positive real integer for n.

)

He gave the example for y = x and derived.

d'?y T(a+1) 1
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re) + 2vx

1
dz
—1(x) = X2 =

O

The current RiemanLiouvill definition of a FC also produces this conclusion.

The FD of order v is defined by Liouvill as

o]

DI ) = ) cuaet

n=0
Dyf(x) = X0 cnane®*(1)
where
f(x) =Xy=0 cne™* (2)
When dealing with explicit FCS of the type x — a,a > 0, Lioville's second technique was

used. He thinks the essential
sz utle=xudy
0

Then with the use of (1) he obtained the following outcome
_(=D'T(a+v) _,
RO

These concepts were successfully applied by Liouville to hypothetical theoretical issues.

Dlx™¢

The second technique cannot be used for a large class of FCS, whereas the first definition
is limited to certain values of v.

THE FRACTIONAL DERIVATIVES FORMULA

The following provides proof for the FD formula:

x%(x — 1)F (1 — xvzl 1)_y (1 - x“f 1)_6l

X
_ﬂl _ﬁ) _,8' _ll;)’; 6; 1 +a-— U, _ﬁ; _ﬁlml
Wy Wy ’

Dy

=A-Fy

x—1"x—-1

<1, lxw,| <1,

DY [x%(x — 1)P (1 — xwy) 7V (1 — xwy) 9]
-G, 1+a,1+a -y, 81l+a—pul+a—pul+a—u

= AF, X :
Y — 1,XW1,xW2

where
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x(wq +
(wy W2)<1
x—1
w Wy \7Y
a a _ B _ 1 _ 2
Dx[x =1 (1 x—1 x—1) ]

DY [x*(x — 1)1 — xwy — xwy) "]

A=x""H(x—- 1)ﬂe_’1’”‘ Tz
NG a) ( )

B =x%H#(x—1)"Ye % Fr(? a“))
The aim is to develop efficient and reliable approximate methods that can yield accurate
solutions over a wide range of parameter values. The FCS FQ, FN, and Fs are respectively
defined above by as the Saran's FCS of three VB, and F'[x, y, z] are the triple HGS defined
by (3).
(28) = omima OB o ’rm -B)

TC-5) r—p) | =7
@ p L F@=py_
(@=af), =™ Ty @~ gy | <
['(a+1)
(w.v)q = Ug—nVn-

s [l+a—nml(n+1)

n=
Proof;
We know that

had n
1—-x)7 = z gx”, |x] <1
L n!

The LHS of (2) is given by using (3) since the sequence of differentiation and summation

is interchangeable under the aforementioned circumstances.

_ N W) (8) W™ Wi T'(u+1) ) .
) km;=o mint T F T—lorger D & uek(Ge = DI,

i P (@)awi"'wl Tu+1) T-k-a)l(k+m+n—p)
k!m!n! u+1—-k) TI(-a) m+n-—-p)

kn+,n=0
% e—inu xa—u+k (x _ 1)ﬁ—m—n—k
oy T — @)
= e imp X7 "2 ya-u(y _ 1B
e 1 (—a) x*H(x—-1)

O Bimin e Mm (B X Nk W N Wy g
% Z (1+akiu;k(—ﬂ)]:n+1k!m!n!(x—1) (x—ll) (x—zl)

k,m,n=0
The generalization of (1) and (3) may be produced in the following way, it is crucial to

note:

138 International Journal of Engineering, Science and Mathematics
http://www.ijmra.us, Email: editorijmie@gmail.com




ISSN: 2320-0294 L Impact Factor: 6.765

D:* [x”‘(x B 1)ﬁ (1 B xvEl 1)_]/1 (1 B xvzzl)_y2 (1 B xminl)_yn]

— AW

(n+1)
@ Ey

And
DE[x%(x — 1B (1 = xwy) 7 e (1 — xwy) 1]

1) o(n+1) —ﬁ 1+« —IL Y1 Y, 1+a—ﬂ X (5)
:A(Z)ED ) ’ ) y I'mo '_x—1’ e

where= E - and 5 E > are the multiple HGS defined by (5).

LINEAR, DOUBLE AND MULTIPLE GF

We take into account the following fundamental identities.
x A
— %) — 174 = — )4 -
[(1-0-07=1-07*(1-7=)
And
xt \ 7
[1-(1-0t™*=1-t)" (1 + 1—_t)
Now, let us write

- Dy x 14

E — )" @+1)n —_ 4 _ - _
4 n! 1-x) t (1-1t) [1 T t] ,|t] < |1 —x|.
n=

Replace x by x(wxl—jlwz) multiply both sides of X*(x — 1)~ multiply both sides of (4.3) by
D % we get
- —(A+n)
O X+ wy)
Z el |xe - 1) (1=
n=0 '
_ _ x(wy +wy) \
— _ Apt | yar, — B —
1-0)™D, [x*(x—1) (1 (x—l)(l—t)) ]

In order to derive the following two linear GF, we apply the approach used to derive (5)

and utilize outcomes (5) and (4), respectively.

© =Bl +n—uw;wy
’ ’u'x—l'x—l
W1 %) X

k- DA-t)'x—-1

=(1-6)*F® [—ﬁ: N

Now, replace x by %:‘% respectively, replace t by t;t, and A by 4,1, respectively in

(3). The two EQT are then multiplied by one another to produce
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_ i (A)m (A2 tin)t? (1_ wq )—(/11+m) (1_ 12%) )—(/'lz+n)

e m!n! x—1 x—1
) " o wy -1 W )
=1-t)™M(1—ty)™ (1_(x—1)(1—t1)> (1_(x—1)(1—t2))

Mathematicians like Leonhard Euler, who studied fractional derivatives in the 18th
century, are credited with developing fractional calculus. Multiply both sides of (3) by
x%(x — 1)# and then use the FD operator to operate both sides and using (2), the
subsequent double GF is what we get:

(o] (Al)m (lz)n

_ﬁ) _.ui/11 + m)AZ +n; 1+a- u, _ﬂ'x)CTl;
FG !
Wi owy
x=1"x-1 (6)

=(1—t) M1 —t)h

-_ﬁr —M,/lp/lzi 1+a- u, _ﬁ; xle'
FG w1 w»y .
(r=1)(1-t1)" (x=1)(1~t3)

The following is how the GF's generalization (4.6) may be obtained:

0 (Al)m1 """ (An)nn tnl L)
my,my=0 mqlemy! 1

x-1"x-1’ " x—1
7
= (1 — tl)_ll ...... (1 — tn)—;{l ( )
X
(I)E(n‘l‘l) _ﬁ) _#Iﬂ-l, "'F/’{Tll 1 + a — ‘Ll’ _ﬁ’;'
X(l) b) wi Wi )
D=t =D At)

As a consequence of adopting the methodology used to arrive at (7) and this result can be
obtained on the similar lines of the proof of the theorem using the outcomes from (6) and
(7), following double GF are then obtained:

0o A1)m (A2)n tm’tn

(A +m A +n—u,—L,1+a-0;—01+a— y,l
FN w1 X
_ Lva—p =0 xwe = ()
=1 —-t)™MA-t)™
AL, Ay, —u, =B, 1+a,—-B;—F,1+a—ul+a-— ,u;l

FN wq xwy X

-D(1-t1) 1=t x—1
And
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O G
2

m!n!
m,n=0

P B l+al+a—-puti+rmi+n;1+a—yu,
S

l+a—ul+a—y
X

x—1
VA1 — p A

= (-t M- A |

X XW1 XWZ]

x—1"1—-t"1—-1¢th

o) (lll)ml (/1 )mn tml
ml mn_o e

(1) (n+1)l B 1+a, M,/11x+m1, ...... ,An+mn;1+a_'u;‘|
@™ —, XW1, o, XW,,
X
=1-t)™M..A-t)™
X
(1) Eén-l—l) |:_B;1+a;_,u,ll,.....,ln,1+a—u';,]

w1 XWy

L XW, sz]

B, l1+al+a—ui,dy;
a—ul+a—pul+a—yu

mn
n

.t

mql.my!

9)

1-t’ 71—t
Now, we establish some additional GF using the identity (9). Let's express the identity (9)
as:

-1

Multiply both sides of (10) by (1 — x)™? and replacing xby M we have

w M (4 xwitw)\"P a4 xwitw)\TP L tx(witwy) —4
n=0 (1 x—1 ) tr=>0-10 (1 x—1 ) (1 (x—l)(t—l)) (11)

Now, multiply (11), on both sides, by x?(x — 1)~(@*1) operate by FD operator D% and

using (4), then, we arrive to the subsequent GF:

a+1l @ p—n—u xw1
[ee] /1 n
>0 (n)' F(3) ll + o — ‘u . xWZ tn
' o x—1"x— 1 (12)

-3 o x(witwy) xt(witws)
=1-t)™F [1+a w1+ a—p; P sy &

=1 -O)"F[-B—wpil+a—u—B
x witw, tlw+wy) |
x—1" x—1 "(x—1)(t - 1)]

(4.13)

= (1 —t)_’lFs[—ﬂ,l +a,-uwpl+a—u

Xt(Wl + Wz)-
— 1.x(W1 + Wz),?

BILINEAR, DOUBLE AND MULTIPLE GF

[(1-x)1—y) —t]* = (1 —y)~* [(1 - ul t) (1- - Y t) - (lx_yi)z]_l ......
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write(4) as

Z (i'l)'n (1 _ x)—(/1+n)(1 _ y)—(/1+n)tn
n=0

=(1-0"

d A, —(A+n) —(A+n) n
n! (1 1 i t) <1 Bl 1L—t) ((1x—yi)2) '

n=0

Again replace x,y,tand A, by w_2/(x — 1),z_2/(y — 1) t_2 and A, respectively.

nn=0

w  Q)wlan (1 _wi )—@ﬁm) (1 ws )—(ﬂz+n)

m!n! x—1 x—1
y ( _yZTll)—(/ll‘HT) (1 _yZTzl)—(/lz*'n) tint;
= (- )M =) P X, Lnlih (13)
t —(A1+n+1
) ()
—(12+1) —(42+n)
(1-gmt) - (-5oas)

Now, multiply both sides of (3) by x*(x — 1)#y¥ (y — 1)*. Then operate both sides by FD

operators D % and D% respectively and using (1), we arrive at the following double GF:

C Wn D
Z m!n! bt
m,n=0

—0,—u, Ay +m A, +n; 1+ a—u —f;
F; X Wi w3

! x—1'x-1'x-1 ]
—6,—v, Ay +mA, +n;1+y —v,=4;
F; Y 4! Z2

| y—1y-1y-1
=1 -t)MA-t) ™

i (A1) (A2)y ( w1zt )m+ ( 12X 1%) )n
m!n! (x =D —-1DA-ty)? (x =D — DA - t,)?

n+,n=0
F m+n—Bm+n—Fm+n—p,—pu
g Al+m,ﬂ.2+n

x
1+a—u,m+n—ﬁ,m+n—ﬂ;m,
W1 W2

-DA-t) (x-DA-1tp)

F, [m+n—6,r/1n+n—6,m+n—6,—v,
1+mA, +n
1+y—v,m+n—6,m+n—6;%1,
7 2 .(14)
O-DA-t) —-DA-t2)
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Generalized polynomial is actually introduced by Srivastava of the following manner: the

following form can be used to derive the generalization of (14):

¢ (Al)ml ...... (An)mm tml ceeeen s g

mq, - my<0

(1) Egﬂ) x  ow W,

=B, —u, A +my, Ay +my; 1+ a—yp, —ﬁ;]

i x—1'x—1" ’'x—1
—08,—V, Ay +my, e A tmy;1+y —v,—6;
(1) ED y 7 Zp ]

p ) P2
y—-1ly-1 ‘'y-1

W2zt M

=(1-—-t -1 ... 1-—t _An...< )
(R [T
(1) E(n+1) my + - +mn —B, —,Ll,Al + ml,---,/ln +mn; .

b l+a-pmy+--+m, —f ’
x wy W, ]
x=1T"(x-DA-t)" "(x—DA-t,)
L) ES Pmy + 4 my, — 8, -0, +my, -+, Ay +my;
y Zl s
y-1"(@-1DA-¢t)" '

1+y—-vmy+--+m, —6;
Zn
v-DA-t,)
We now apply the technique used to generate (14) and use the findings (2) and (3), arriving
at the And

noon

i Am A t]" ¢,

m!n!

m-n=0
-G, 1+al+a—uit +mai, +n;1+a—u,]

Fs l+a—pul+a—y

X
x_l,xwl,XWZ
E[-61+y,1+y,-vl1+mA+n1+y—v,1+y—-v,1+y—v;

=(1- tl)—)q(l — tl)—lz Z (Al)m (A2)n

m!n!
m,n=0

<XYW121t1>m (xywzzzt2>” A+ @) (1 + V)n+n»y21’y22]
(1 - tl)z (1 - tZ)z (1 +a-— M)m+n(1 + Y — 17)m+n
E[-B,1+a+m+nl+a+m+n—ui +mi, +n;

1+a+m+n—,u,1+a+m+n—u,1+a+m+n—y;‘

X XWq XWy

x—l,l—tl'l_tz
E[-6,1+y+m+nl+y+m+n—v,li +ml, +n;

Y Vz1 Y
y—l'l—tl’l—tz

1+y+m+n—v,1+y+m+n—v,1+y+m+n—v;]
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The ability to a person's everyday lives, i.e., ONE, the ONE that it was the ONE that ONE

i A my e A, i

my!..m,!
my.my=0

(Z)E(n+1) —B,1+a,—4, /1; +my, e, Ay +my;
@ _ 1+a—,u;m,xw1,...,,an
—5,1+y,—v,A4 +my, ..., 4, + m,;
(1) p(n+1) y
@1 _ 1+Y—U;}]T1,yzl,....,yzn
= (1 —t)™ . (1=t Z (Al)';;l;;'.'.'.';’}lrl!)nzvn

mi,..muy=0

(xyw121t1>m1 (xywnzntn)mn A+ Dy seotm, T+ V)i 4etm,
(1—-1¢t))2 (1—-t,)2 A+ a—Wm,4etm, T +Y =V i,
@ ES VB 1+ a+my 4y, —p Ay g, e, Ay

X xwy AWy,
x—1'1—t1""'1—tn]

T+a+m +-.+m, —
ggE(nH)[ 8, 1+y+my+-4my, —v, A4 +my, .., Ay + My,

S A 2 YZn
L4y +my 4o, ==, 2 .,Hn](ls)

Now, in (4), we replace x and y by x(w_14+w_2)/(x—1) and y(z_.1+ 2z 2)/(y — 1)
respectively and then multiply both of it by x*y#{x — 1)7¥ (y — 1)#* and then operate by

D% and D Z for x and y respectively and using (2), we obtain the following bilinear GF:

t) Z (A)n <xyt(W1 + WZ)(Zl + ZZ)) (1 + a)n(l + .B)n
x-Dy-DA-1?) A+a-wW,A+B-v),

y+n A+nlt+a+n——— ——U
F3) l+a+t 3 4 o XWq XWy b ‘
FERTHRE VIR S S T DA -0 - DA -0 x— 1

Using the aid of the outcomes from (5) and (9), we used the same procedure to acquire the

similarly intriguing bilinear GF that are shown below

d -y l+n —wwy

-1’ x—l

-y, 1+ a-— y,

n=0

- (1-p N (A)'n< (wy +wy)(z; +23)t >n
0

A-*x-Dy -1
W1 ) Wy
—un—y;;—l+ta—w (x—DA-t)'x—-1

F® [n—y s A+ -

Zy
—::n—5;—;1+,8—v;'y—1]

z
F®) [n -8 1+n; —v;—l,
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And
00 - :/1+n,1+a;—‘u'_y;.
Z@F(3)1+a—u J
n! X
" Wy
=(1- t)“ D (W +wy)(z1 + Zz)xyt 1+a),(1+8),
= n! (1-1t)? Q1+a—-—w,1+8-v),
BA GF

In this part, we build some BA GF using the linear GF [described in section. In equation

(5), we change t to t(1 — y), multiply both sides by y” and operate by D:T (for the variable

y), We obtain

Y'[1-t(1=-nI")
A significant amount of theoretical work has been done in the topic of FC. We now arrive
at the following BA GF using (7)-(9) and some standard calculations:

B[ 1+y;1+y —vylth
P
(- y (/1),,(1+a)p( xwq ) (4.16)

P=0 (1+a—pu),p! \(x—1)(1-t)
the following two BA GF are obtained:

y Dn sy
n!

n=0

2Fi[—n, 1+y,1+y—v:y]t"

-0 Z < )p<x—1r)lt1—t))p

—yt X Wo
T—tx—1 (=1 =¢)

—B:A+n;—u; ]

) 1+ ) Wq Wy X
—h; T T x—1'x—1

ultiply both sides by y¥ and then operate by Dg (for the variable y), we obtain

S e Adn s ,
Df( 1mnt,—nznt{n t, (1 =)™ (1 —ny)"
mn=

X
—B-whtmA il a— =i,
x Fe W1 w2

x—1x-1
=DL([y"[1 —t;(1 =] ™M[1 — £,(1 — )] 772]

X
_ﬁl _H;ALAZ; 1 +a - U _ﬁ’ml
X F wy W,

x—DA-t) ' x—-1DA-t)
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We now arrive at the following BA GF using (7)-(9) and some standard calculations:

O (A)m (A2)n

n
m!n! btz
n=0
_BI_H)AI +mlAZ +n11 +a_.u)_ﬁi
Fg X Wy w2
x—1'x—1'x—-1

Fi[1+y,-m—n1+y—v;ny,n.y]

=(1—-t)™ (A1) (A2)r ( Wy )q ( Wy )q
o grt \-DA-t)) \x—DA-1t)
=
2F1[—.3‘|‘Q+T1—l121+6¥—#:i]

x—1
t t

Fy [1+y,lt+q,/12 +r;14+y—v; 1771}" 2M2¥ .
t;—1't, -1

Further, if in (9), we replace t; and t, by t;(1 —nq,y)and t,(1 —n,,y) ) respectively,

such that |n;| < 1,i = 1,2.

Z (A1)n(A2)n ¢’ gn
m!n! 12

n,n=0
w
Al+m,lz +n,—#,—ﬁ,1+a,—ﬁ;_ﬁ,1+a_ﬂ11+a_ﬂ;x_11’

Fy N

x—1
Fi[l1+y,—m—n1+y—v;ny,ny]
(A)p(A2)q (1 + a)y ( w; )4
(

XWo,

=1 —t) ™M1 -ty)™

- (I+a—wuplq! \(x— 1A -t)
p,4=0
x
2F [_B +p—wlt+a— ,U;xj e e (4.5.7)
5] my
AlHra+pas + a1ty — v,
1 VA TP, A2 T4 )/th_ltz_l

A A .
( 1)m( Z)n t{n tén

m!n!
x0,n=0
B, 1+al+a—ui +m,/12+n;1+a—u,1+a—y,‘
FS X
1+ — U0, )
a ,le_l XWq, XW>
Fill+y,-m-—-n1+y—v;ny,n.)]

C (), (), (1 + a>4+r< xw )ﬂ ( xwy )
(1+a_,u)4+rQ!r! 1—t1 1_t2

q,r=0

X
2k [_.B' —-wl+a— H;m]

=1 —t) ™M1 -ty)™

tmy tny
"ti—1't, — 11

Fy [1+y,ll+q,/12 +r;14+y—v
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2. Conclusion:

In this section, we demonstrate how to compute the FD of triple HGFs in three
dimensions using the idea of Nishimoto's FC (NFC). As part of our work, we will use
these EQT to estimate GF for linear, bilinear, and BA sequences. We were able to
derive certain generating functions for the quadruple hypergeometric functions (1)—(8)
based on their integral representations. We also take into account the implications of
our key findings and a few specific examples. We noted in our conclusion that other
novel generating functions for other quadruple hypergeometric functions can be found
and their special instances studied using the method proposed in the derivation of the
results.
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