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ABSTRACT:

This paper considers the most appropriate & more general queuing model in respect of
customers which are allowed to leave the system at any stage with or without getting
service. The paper considers the steady-state behavior of the queuing processes when M
service channels in series, are linked with N non-serial channels having balking & reneging
phenomenon,wherein:

e Each of M service channels has identical multiple parallel channels.

e Poisson arrivals & exponential service times are followed.

e The service discipline follows SIRO rule (service in random order) instead of FIFO
rule (first in first out).

e The customer becomes impatient in the queue after sometime and may leave the
system without service.

e Customer behavior ,Balking and reneging is allowed only on N non serial servers.

e Waiting space is infinite.
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INTRODUCTION:

The solutions of serial and non-serial queuing processes with reneging and balking

phenomenon have been studied by [4]. The steady-state solution of serial and non-serial

queuing processes with reneging and balking due to long queue and some urgent message
and feedback phenomenon is obtained by [3]. In our present society, the impatient
customers generate the most appropriate and modern models in the queuing theory.

Incorporating this concept, we study the steady-state analysis of general queuing system in

the sense that:

e M service channels in series are linked with N non serial channels having reneging and
balking phenomenon where each of M service channels has identical multiple parallel
channels.

e The input process is Poisson and the service time distribution is exponential.

e The service discipline follows SIRO-rule(service in random order) instead of FIFO-
rule (first in first out)

e The customer becomes impatient in queue after sometime and may leave the system
without getting service.

e The input process depends upon the queue size in non serial channels.

e Customer behavior ,Balking and reneging is allowedonly on N non serial servers.

e Waiting space is infinite.
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FORMULATION OF MODEL.:

The system consists of Q i( i =1,2,....M) service phases where each service phase Q;
has c; ( i=1,2,....M) identical parallel service facilities andQ,j channels (j=1,2,....N) with
respective servers Sj(i=1,2,...... M) and Sy(=1.2,...... N).Customers demanding different
types of service arrive from outside the system in Poisson distribution with parameters A ;(
i=1,2,....M) at Q; service phase and Ayj(j=1,2,.....N) at Qy; service phase respectively .
But the sight of long queue at Qy;, may discourage the fresh customers from joining it and
may decide not to enter the service channel Qq(j=1,2,....N)then the Poisson input rate A

ijwould be Ay 1where mijis the queue size of Q. Further, the impatient customers
m. +
J
joining any service channel Qq; may leave the queue without getting service after a wait of
certain time. The service time distribution for the server Si(i=1,2...... ,M) and Sg;
(G=1,2....,.N) are mutually independent negative exponential distribution with
u(i=12,...... yM)and g4;(j=12,....,N)respectively. After the completion of service at

Qi (=1,2,........ M), the customers either leave the system with probability pjor join the
next phase with probability gi such that pi+qi =1 (i= 1,2.....M-1). After completion of
service at Qwm, the customers either leave the system with probability p,, orjoin any of the

Qu(=1.2,....... ,N) with probability Rl (j=1,2,....N) such that p,, +i S
mj +1 j=1 mj +1
If the customers are more than c; in the Q; service phase ,all the c; servers will remain
busy and each is putting out the service at mean rate 4 and thus the mean service rate at Q;
IS Cj 1, ,on the other hand if the number of customers is less than c; in the Q; service phase
,only n; out of the c; servers will be busy and thus the mean service rate at Q; is nj

(i=1,2,....... M).It is assumed that the service commences instantaneously when the
customer arrives at an empty service channel.

=1.

FORMULATION OF EQUATIONS:

Define P(ny ,ny ... NMm ; M1 My m;, My ;t) as the probability that at time ‘t’ ,
there are n j customers ( which may renege or after being serviced by the Q; phase either
leave the system or join the next service phase ) waiting in the Q; service phase

(i=1,2,........ ,M) , m; customers ( which may balk or renege or after being serviced leave
the system )waiting before the servers S 4 (j=1,2,....... N).

We define the operators Ti. And T.ito act upon the vector A= (n,N,,...c.cc...... ,n,,) and
Tjand T jand T j j+1.to act upon the vector m=(m;,m,,............. ,m,,) as follows:
Ti.(A)=(yny......... nj-1...ny)

T.i(A)=(Nyna......... nitl...ny)
T+ (m)=(mymy,...... ;mj +1,mj:1 -1....mpn )
Tj, (I’ﬁ) = (ml,mz, ......... mj-l...mN)
Ti(m)=(Mmym;......... mj+1...my)
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Following the procedure given by [4], we write difference differential equations as :

a3 s 4t
i + + r‘Ii /uin- + n —c; rin-
dP(n,m;t) | = = m;+1 3 ' o
dt B

P(A, m;t)

£ 5mH4y) + Ry 3

_|_

AP (. m0) + > P (T, (mi0)

i

=

I
=

+ Zgni—ci (rinm)P(T.i (ﬁ)’ m’t) + '\_/Iz_:lqiﬂiniﬂp(-r.inl.(ﬁ)! m’t) +

M N

~ Ui -
z P; 4, P (T; (), M;t) +Z/‘uMnM +1 ﬁp(nynzl ----- ny +1,T; (M);t)
i1 -

j=1 j

+Z_:(ﬂl,— + Ry DPET (M) )

forni>0,mj>0,(i=12,...M),(j=12...N) .

Where
1 when X = 0
So(x) =
(@) when x =0
(O when n, = O:|

o(n,) =
() 1 when n, =0

O when n<c
(= 711 when n=> C:|

N, when 1=<n, <c,
[ c..; WwWhen n, =c :|

Where r,, and Ry, are the average rates at which the customers renege after a wait

of certain time T, and T,; whenever there are njand m; customers in the Qi and Qq; service
phases respectively and P(m,A;t) = 0if any of the arguments is negative
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Steady-State Equations:
We write the steady-state equations of the queuing model by equating the time derivative
to zero in the equation (1)

{Zmzmﬁ #3040, 0) + D SM)) Ry, }} (7.m)
@)+ > (T, (M)

1q ,le ( .ii+1.(ﬁ)’m)

+i M —Ci (ri”i+1)P(Ti(ﬁ)’ m)+ 2 i+

j=1 j

+ D (a; + Rim DPT (M) e,
i=1
forni>0,mj>0;@1=12,...M);(j=12,....N) .

Case I:= When ni< ¢;:
For n; < ¢; ,then the resulting equations (2) reduce to as under:

PWED & +25(n)(nu,)+25(m () + Ry 3 |P(A, M)

i=1 =1 m +1 i=1
= i AP(T, (), m))+Z%P(ﬁ;T,(m))

+ Z g4 (n; + )P (T, (1), M)

+z P (n, +1)P(T, (), m)+ZyM (n,, +1) P(n,n,,..... Ny +1,T, (1))
+Z_:(,u,lj R DPET M) s (3)

The solutions of the steady state equations (3) can be verified to be:
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e
............. HLJ(% +qM_1a'M_1jnM} (i} (a4 B P )"
Ny Py m, :

H(M1+le)
{LJ Uyt Oo0)” || { 1 } Can + st )™ || @
[m. 1_2[(#12+R21) [ I_N[(ﬂl'v' *Ru)

forni>0,mj>0;31=12,...M);(j=12,....N) .

where
Ay, + o,
P, =M Au 1%m
Y24V
o, =4,
.= Ay +Qk—1all<—1 k=2,3,........ M —1

We obtain P(0,0) from the normalizing condition ZZ P(Ai, M) =1and with the

m=0 =0

restrictions that traffic intensity of each service channel of the system is less than unity.
Case I1:= When n; > ¢;

for n; > ¢;, then the resulting equations (2) will reduce to as under:

1
.& <

m+

+JZ 21] 1+§5(ni)(ciyi +nni)+§5(mi){(ﬂli)+ ijj}:l P(A, m)

AP(T, () m»+zﬂ“ P(W:T, (m»+2(p.c.u.

J

)P(T;(R), M)

Niva

+ q 14 P (T, (A), m)+2/-‘|v| qu —P(n,n,,....ny, +1,T; (M)

- le ‘MZ

(t4; + Ry DPET (M) e (5)

}_\

i=

The solutions of the steady state equations can be verified to be:
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{4, (Cyy + r1n1+1) + €0y 404}

P(f,m)=P0,0) | (4)" ’
H (Cl'ul * rl') H (CZ'UZ th )(Cllul + rlnl+1)nz

i=1 i

2
{%H (Cies + rin1+1) + C 0y, I
i=1

lj (Catty + 1) {H (Ciu + rin1+1):|

M-1

{ﬂ’ (Cilui-l_rin-+)-|_C —q —lu Y2 —}nM '
Mli:ll - MATMAT AT (/111+:uMCMquM1)mL

Ny M-1 My m
H(CM Hy + rMi)|:r:(Ciﬂi + i, +1)} IﬂH (14, +Ry))

i )
| |
(112 + Uy Cy IOI‘VI Oy 2)m2 (ﬂlN + 1y Cy ,01‘\4 qMN)mN (6)

mH(M2+R2j) \mH(MM +RMj)
=l j=1

M -1
An H (Ciag; + Fin, 1) T Cy 1ty 1Om 1O 4
i1

Where pM = : M —1
(CM luM + rMn,\,I +1)H (Ci 1ui + rini +1)
i=1

o =4

k-1
o, =4 H (cu; + in, ) O U 4Gy
i1

We obtain P(0,0) from the normalizing condition > > P(fi,h) =1 and with the

m=0 A=0

restrictions that traffic intensity of each service channel of the system is less than unity

Thus P(A,m) is completely determined.
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