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Abstract
Here...
1.1 DEFINITIONS AND NOTATIONS:
Definition 1:

Let > a,, be an infinite series with Partial sum s,,. By u% we denotes the n-th
Cesar means of order a,(a > —1) of the sequence {s,}. Absolute
summability of order k was defined for Cesar methods of order a by FLET

[1], [2]. He also defined summability |C, a, 6], > 1, as follows,

A series is summable |C, a, § |, If,

Z pdktk=1|ya _ e |k < o (1.1.1)
n=1

Definition 2: The series Y. a,, will said to be Summable |V, 1,8,k > 1, if

[00]

D AL )~ @I < oo (1.12)

n=1

for A, =n itis reduces to |C,1,5]|, and for k = 1,6 = 0 it is same as |V, A}

summability.
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Definition 3: Let Ya, is an infinite series then it is said to be stongly

if,

n
S
z | ;l = o(logih), asn — oo (1.1.3)
v=1

for any sequence {e¢, } we write

Ae, = €, — €n+1A26n = A(4e,)
1.2 INTRODUCTION:

Generalizing the result of PRASAD [3] for |V,A| Summability which is
given by theorem SINHA, CHANDRA and KUMAR [4] have proved the

following theorem:

Theorem: If,
Emlm = 0(1)asm —» x© (1.1.1)
m
> Lumlde, = 0(1) 1.12)
1
and
m .
>l oG asm o @19
1 Ay
where

i, = Y™, 271 and{p, } are positive non-decreasing sequences such that:

1
A, prA (p—) =0(1)asn - o (1.2.4)

n

54 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com




ISSN: 2320-0294 L Impact Factor: 6.765

Inn s summable |V, A|.

then Y .

The object of this paper is to prove a more general theorem for |V, 4, 6],
summability which generalized all the above theorems. However, our theorem

is as follows.

1.3. Theorem: If,

Emlm = 0(1), asm — © (1.3.1)
m
z Antin|A%€,| = 0(1) (1.3.2)
n=1
b It |5k + L1
z 1 = PmlUm ( +9. )
v

v=1

1
k>1,m—>00,0<6<E

where

i, = Y™ 271 and {p,,} are positive non-decreasing sequences such that

1
Ay Pr4 <P_> =0(1)asn - oo (1.3.4)
n
then
An€n . 1
z is summable |V,A,6|,, k> 1,0< 8 <+
Pn k

1.4 Proof of the theorem:
Let T, = v,.1(4; €,) — v,(4; €,) wWhere v, (4;€,) is the n-th de - la vallée

Poussin means of the series Ya,, =

n
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Then to prove the theorem it is sufficient to prove that:

Z ASKH1|T [k < o
n=1
let 3" be the summation over all n Satisfying A,,; = 4,, and

Y."" be the summation over all n satisfying 1,1 > 4,

we have
n+1
— a‘UEU
To=eg— ) [Cha = 20"+ 4,]
n’‘n+1 v
V=N—An 42
when 1,1 = 4,, then we have,
n+1
. 1 z a,€,
" An+1 Py
v=n—-»1,+2
Applying Abel's transformation, we have
T, = [2 + 23 — 23]
where,
_ 1 n A €n v
Zl T Apyq SVER—An 2 V_Pv r=0 TG (1-4-1)
1 €n !
R e AP (va) V + 1t,,
1 €y '
=T, A (va) vV + D, (1.4.2)
Z — 1 €n+1 Zn—}-l ra. = 1 €n4q t’
2 An+1 (M+1D)py 41 r=0 " An+1 Pn+1 ntl
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Z _ en—/ln +2 Zn—ln +1
3 Anr1 (=2 +2)pn_a 12 ST=

!
En—-An+2tn-1p, 41

An+1Pn-1p+2

Now

Considering (1.4.1) we have

1 11
Where
n ’
z 1 de,t,
- 2
11 " v=n—1,+2 Pv
n ’ n ’
:E: 1 Ae,t, 1 €1ty
- . D
12 nv=n—/1n+2 Py 13 v=n—A4,+2 Py
and

1 ) 1
Z = Z Z €pt1ty4 (E)

14 v=n-—21, 42

By Minkouski.s inequility, it is therefore, sufficient to prove that

k
YAkt | <o, forr=1234

, k
-1

YOS, | <o

’ Sk +k—1 k
2 )ln |23 | <
Now
2' /15k+k—1|2 |k — Z’ 0k +k—1 1 on Ayt k

n 11 — 4n n 1 v=n—A71,+2
n Pv
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Py

! — n Adey, ;7 k
- 0(1) [2 Mmool

/ _ e, |ty lae, K1
—o |y Am. el L el

I

_ ik
_ A€y [ty
—o [y AE., 2t

_ [ 0 |t;|k|AEv| v+i,—1 ok —1
- 0(1) v=1 —Z An

n=v
Pv

- ik
oo tU |A 17|
= o[z, lelEe]

Pv
Now
' 1k 1k
m M . |[de, | Av m—1 |d€,|Av v |t17| Am|A€m 11l m M
v=1 /11] Pv v=1 A{ Pv }ZTZI Ar + Pm+1 v=1 Av
D ) 3) 4)
217 t2i7 tXil X
where
1 _
S =XiA 14%1A,p, = 0(1)
@ =yml JAe, A0, =001
11 = Qe |[4€,41144,1, = 0(1)
3 _ 1
gl) = Zl:ll |Aev+1|/1v+1A (z) Pvlly = 0

S5 = Anlemili, = 0(1)
as m — oo, by virtue of conditions (1-3-1),(1-3-2) and by the
hypothesis of theorem.

Hence
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SIS |k < o

Now consider

rk

Sk+k—1 _ Sk+k—1 dent
Z’/ln * |212 | Z /1 * |/1 v n—A,+2 VZ 2
v

=0(1) Z AN 1{ v=n—Ap +2 lAenlt;}k]

Vpy

"1k k-1
A€y [ty |A€y|
= 0(1) 2 /16k 1{ v=n—A1,+2 | | }{ zzn—ln+2 - } ]

Vpy Vpy

ik
| A€y l|ty
= 0[S A B 2l

_ 0(1) Z,c;o=1 |A6y||ty| Zv+/1 Ané‘k _ 1]

- mk
o A€y ||ty
= o [z, odbd]

Now
m |A€v|/1v|t’v|k — ym-1 {IAEVMU}Z |t1,”|k + l[d€m [Am om |t7,”|k
v=1 Ayvpy v=1 Vpy r=1 Ar mpm n=1 Ar

— 0(1)2512) 2(2) 2(3) 2(4) 2(5)

where

W _ym-1 |2y _
212 - 71;1=1 VV — = 0(1)

@ _ —1  |depialdAppy, _
212 - ?:1 U+U — = 0(1)

3 _ym-1 ey _
212 - v=1 U(U+1) - 0(1)

4) _ 1 ldepi1ldpiq 1 _
iz vl —EUH)U A4 P puity, = 0(1)
and
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) de. |2
Em m.um
i —— 0

> — ©

12
as m — oo by the hypothesis of the theorem

k
hence ¥/ A%k*k=13, | < oo
Again
1 on €v+1t1,7

|k ’A£€l+5k—1

DIPAASA E

Z v=n-—=»7, +2 Vo,

vpy,

oy  a- Hyn, w}kl =

"1k k-1
! levl|ty lev]
0(1) Zlak 1{ v=n—1,+2 | |}{ ben—daz } ]

VPn VPn

!

[ oiltol®
— 0(1) _Zn /16k 1217 nd 42 |€ I| ]

VPpy+1

— 0(1) Z;.o::l |€v||tv| ZU-I—A »—1 /lgk_ljl

' le IIt |
—om[zz, ol
Now
r k ! k
m |Ev||tv| — ym |Ev|/1v|tv|
v=1 Vo v=1 VP Ay
- Av t A t
o [snyt a4ty Y 'T']

1 2 3 4 5
=om |27 +3% +38 +3 + z< )]
1 — Aey|Avu,
o =3ng Beho o

Z(Z) — ym-1 M=0(1)

— Lv=1

3) _ -1 l€vt1ldps1vpy
5 =gy e A(p) 0(1)

v
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(€)) _ —1 lev+1lAvr1ty _
i3 = Xy % =0()
and

5 lem | Amtim
Sip =R =01)

on m — oo, by virtue of conditions (1.3.1), (1.3.2) and by the hypothesis of

the theorem.

Hence
) 3 k
Yo ALY | <o
Further
k
_ ’ 1
Y ASkH |y | = yASk+k-1 |/1n M, Evsibyd (p_n) _

O [T e,z lelltla (1] =

o) |52+ e e lelltlFa (pi)}{ vmn-n,+2  |€0]4 (pl—v)}k_l]
0(1) 2/1‘5" (DTN 9 R (pi)] =

0 [Z el a () miy™ 637 =0 ([Z% e
wla o)l

Now

> |e||t'|kA(1> le |/1A< )lt ol"
v=1I1%vllty 0, 1 €y D0 /117

—0(1>[Z ta{lela, A(pv)}zr 1';'k+| el A(p )5 1';"‘

— o [3P +3? +38 + 30

where
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¢Y) m—1 (2)
Y o= MeMA()mm—ou)Ej
14 v=1
m—1 3)
= l€y41142,4 <_) puity, = 0(1) z
v=1 Pv 14
m—1 4

p
= |E1J+1|/117+1A2 (l) puity = 0(1) and Z
Py =

1
= len | (o) pttn = 0D

as m — oo by virtue of the hypothesis

Hence,

k1 Z < oo

14

moreover, we have
118k —1 k 198k +k—1 k
WAKE, | YAty |

- 25k 1M

— 196k —1 Ienlltnl ]
o) [z ellal
Now

ik
m 8k-1 len]tn] —
21 n Pn

spt o a(Shmn, ke lsn, g = o[z +
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(1) (2)

m—1 m—1 1
z = Z |de, |y, = 0(1)2 = z l€n+114 <_> PnHn
- - Pn
n=1 n=1

=0(1)
and

(3)
> = lenlun = 0(1)

as m — oo, by virtue of conditions (1.3.1), (1.3.2) and by hypothesis of

theorem.

hence

k k
S A3k k1 z 4y ASk-Hk-1 Z < o
2 3
Therefore,

X/ AEHT | < oo
when 1,,,1 > 4,, then we have

n+1
1 a,€,
T”ZAA z 1, +v—n-1) T,
n’‘n+1 P, 42 v
n+1
1 €y
=7 z (An+v—n—1)vavv
n’‘n+1 v=n—7,+2 v
On applying Abel's transformation we have.
_ [yl 1 1
=[x +22 +2X3 |
where
1 _—Lyn { __fv}'1=m
21 A2 Z”="—1n+2 At tv—n—1) vpy Uty 22 An+1Pn+1
and
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1 '
Z Gt
3 /1n/1n—/1n+1 pn—/ln +2

It is therefore sufficient to show that

Y A0Fk=1 131 |k < o0 forr =1,2,3

we have

n 1

Soo AT K=Y S {AGatv-n-
k
ETl 1 n
n) o f vt

1
<L rw [Zz=n—/1n+2 |A {(ln +v—n-—
1) e—“} vpt,

k]
vpy

Since |A {(An +v—n-—1) %}

<4 (L) + =

Vpy Vpy
therefore,

Az = 0[] + 2]
where

" 1 leul) 1,
h =Y e Ae()vinl) 42z =

VPy

' Ll eulies]
/ucl+1—6k v=n—71,+2 P

Now considering (1.4.2) we have

1 _yvi @ 1(2) 1.(3)
211 T 4]l + Z11 + Z11
Where,

nk

1 (1) 2” 1 n /1v|AEV||tv|

11 Ak+1-6k v=n-—-1,+2 P
_ 200 |t1,2|/1v|A6v| Z” 1
— Lv=1 0y n>v 2k+1-6k

n
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ik
|tv| |[de,|
Pv

1(2)

=0(1) Y- = 0(1) on proved earlier 1 =

ik
Z” 1 n |Ev+1||tv| Ay
n Aﬁ+1—5k v=n—~4,+2 (v+1)p,

ik
|Ev||tv| /117}

vpy

" 1
=0()X W{ p=n—A,+2

1 leslity|*

ik
le ||t | y Ky a—
— Zn>v AFFI=3K = 0(1)2{.;1 oy

=0(1) Xy

ey
= 0(1) as proved earlier.
Hence

ho %)+ 4+ =0

Now

ik
1 —_— " ; n |Ev||tv|
212 - Z /117(,1+1—6k { v=n—~»A,+2 Pv

1

lea ity leul|tu]
=0(D)Xoe1 —2nsv T =0 Xy —— =
Pv An pviy

0(1) as proved earlier

Hence

"

Y RTEHEL IF=omIo() +0(1)]

therefore

4

¥ AHSE <

Also

n

Y ALy [k =0(1),as
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as proved in the previous case for X,. Lastly

n

Y AR F=o)
as proved in the previous case for X5.

This complete the proof of Theorem.
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