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Abstract: A number field K is a fit field extension of Q. Its degree is [K: Q]. i.e. its dimension as Q-
vector a space. An algebraic number is an algebraic integer if it satisfies a ionic polynomial with
integer coefficients, equivalently. Its minimal polynomial over Q should have integer coefficients.

Definition: Let K be a number field. Its ring of integers Qk consists of the elements of K which are
algebraic integers.

Proposition 3.1: (i) Qk is a Noetherian ring.

Giy Tankz Ox = [K: Q] jo O s a finitely generated abelian group under addition, and
isomorphic to & D

(i) For every @ = K there exists " € N with @7 € O

(iv) Ok is the maximal subring of K which is finitely generated as an abelian group.

J(X) € OglX

v) 9k is integrally closed, i.e.. ii" X is ionic and f(0) = 0 for some @ € K

then @ € Ok

Example:
Number field K Ring of integers Ok
WVd). d € Z — {0,1} squarefre Z{Vd] if d = 2,3 (mod 4),
Z{(1 + \ﬁ).’J ifd=1 (mod 4)
Q(¢n). Cn a primitive nth root of unity  Z[(n]

K =Q(v=3) = Q&) (=1 +v=3)/2. Og = Z[G3]

Example: since &% — :
UNITS

Definition. A unit, in a number field K is an element such that The group of units in K is denoted

by ‘:}j:' a & E};.; a~ ] = C]_:.,;
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Example: For K =0 wenave Ox = Z 3nq O = {1},

For we -"r"-'- = QL\’ _5} have c).ﬁ. 2 E'[I -+ '\.-"J__?"]-'E_ and ':}R = ':Il IME-I'L?,}

Theorem 3.1 (Dirichlet's I nit Theorem). Lt*" K be a number field. Then Ok isa finitely generated

_ _ O% = A x Tri+ra—1
abelian group. More precisely — G

where is the finite group of roots of unity in K. and r\ and or denote the number of real embedding
K—R and complex conjugate embedding with image not contained in R. so
r1+2m = K : Q]

Corollary 3.1: The only number fields with finitely many units’ art;

Q and I‘::l:'lg L _.l;.}:l

6=2-3=(1+vV-5)(1—vV-5)

D=>0

FACTORISATION

Example. Z lias unique factorisation. We do not have this luxury in Ok in general, e.g.. let
K = Q(v=5) with Ox = ZIV=5] then where 2:3.1+ V=5 are 1 = V=5 irreducible and
2,3 are not equal to up to units.

Theorem 3.2 (Unique Factorisation of Ideals): Let K be a number field. Then every non-zero ideal

of admits a factorisation into prime ideals OK | This factorisation is unique
up to order.

- O E
Example: In K =Q(v-5)

©) = (2(3) = (2,1 + V=5)*(3,1+ V=5)(3,1 - V=5)
(14+vV=5)(1 — v=5) = (2,1 + v=5)(3,1 + V=5)(2,1 + V=5)(3,1 — V5)
Where (2,14 "..-'r._-"?] ’{31 1+ V’f—_EJ’ (3.1 — \.-""—_rl} are prime ideals.

Definition: Let - 2 € OK pe ideals. Then A divides D ! | £, If there exists €' © @k such that

A . C =D. equivalently. IL ‘in the prime factorisations

A= I.?EI’”I e ..'};:“i : B = I}i"l S III"-':

we have 7% = T foran 1 =i <k
. i . . - X
Remark. (I) FOI" = o, 3 = L)h 1_!.'!'} |f and Only If b — ‘,1’” for some u e C K

(ii) For ideals 4+ # © O A | B jfangonly if A > B

(iii; To multiply ideals, just multiply their generators, e.g.
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(2)(3) = (6)
(2.1 4+ vV/=5)(3.14 /=5) = (6,2+2/=5,3 4+ 3\/=5, -4+ 2y/=5)

= (6.1 + vV—=5)

= (1 4+ V/-5).

(iv) Addition of ideals works completely differently, simply combine the generators.

eq. (2) +(3) = (2.3) = (1) = Ok.

IDEAL CLASS GROUPS

Let K be a number field. Define an equivalence relation ~ on non-zero ideals by A ~ B if

A = A for some A € 7. The ideal class group 1) of K is the set of equivalence classes.
This is in fact a group, the group structure conies from multiplication of ideals. That identity clement
is the; class of principal ideals.

In particular Ok isa unique factorisation domain if and only ii" CUK) =1 CUK) s finite.

Exercise: Let I¥ = Q(v=D)) pe an imaginary quadratic field. Then two non-zero ideals belong

to the same class in C1K) if and only if the lattices they give in C are homothetic. l.e. related bv
scaling and rotation about 0.
PRIMES AND MODULAR ARITHMETIC

Definition. A prime P in a number field K is a non-zero prime ideal in OK _ 1ts residue field is
C"',l'l, f'?

K=QOxk=2Z.P=(p).Ox/P=Z/(p)=F

Example: where P pis a prime number.

. . . Ok /P : Fyl, W
Definition. That; absolute residue degree of Pis ' ' 7 where p = Ok /P char

EXAMPLE: QUADRATIC NUMBER FIELDS
Before we consider number fields in general, let us begin with the fairly concrete ease of quadratic

number fields. A quadratic number field is an extension K of = of degree 2. The fundamental

examples (in fact, as we shall see in a moment the only example) arc fields of the form
Q(vd)={a+bvd|abe Q)

where @ € © isnot the square of another rational number.

There is an issue that arises as soon as we write down these fields, and it is important that we deal

S . f 37 . .
with it immediately: what exactly do we mean by VA7 There are several possible answers to this
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question. The most obvious is that by "v“ﬁ_d we mean a specific choice of a complex square root of d.

P e
a

ol \/3) is then defined as a sub field of the complex numbers. The difficulty with this is that the

notation is \/t_f ambiguous; d has two complex square roots, and there is no algebraic way to tell
them apart.

Algebraists have a standard way to avoid this sort of ambiguity; we can simply define

5,

Q(Vd) = Q[z]/(2? - d).

There is no ambiguity with this notation vd ; really means x, and x behaves as a formal algebraic

object with the property that r?=d

This second definition is somehow the algebraically correct one, as there is no ambiguity and it allows

0 +/ ) . P ;
Qv d) to exist completely independently of the complex numbers. However, it is far easier to

d)

; i /
think about ¢\ V&

subfield of the complex numbers also becomes important when one wishes to compare fields

S
as a subfield of the complex numbers. The ability to think of 2V d) as a

O(</d+ O «/dn . L.
'L*-‘-(\/dl) and Q{ \'/d'ﬂj for two different numbers d\ and the abstract algebraic fields

"Q’[I]/(IQ — d1) and Q‘[y]j(yg —da) have no natural relation to each other, while these
same fields viewed as sub fields of can be compared more easily.

The best approach, then, seems to be to pretend to follow the formal algebraic option, but to actually
view everything as sub fields of the complex numbers. We can do this through the notion of a

complex embedding; this is simply an injection
o: Q[z]/(z* —d) — C.
As we have already observed, there are exactly two such maps, one for each complex square root of d.

Before we continue we really ought to decide which complex number we mean by \/J . There is

unfortunately no consistent way to do this, in the sense that we cannot arrange to have

VdiVdy =didy . dy,dy € Q

In order to be concrete, let us choose V'/E to be the positive square root of d for all d >0 ang

vd to be the positive square root of —d times | for all d<0 . (There is no real reason to prefer
these choices, but since it doesn't really matter anyway we might as well fix ideas.) With this choice,

our two complex embedding arc simply
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& 'Q[_J'l;’{.rlz —d) — C

&)

o : Q[x] /(2?2 —d) —
defined by
o1(a + bx) = a + bVd;

oa(a+ br) =a — bVd.

c Olrl /(22 :

Given any @ + b € Qlz]/(2° —d) e define its conjugates to be the images 71(a@ +
br) = a + bvd ang 02(a + bx) = a — bVd.

Note that these maps have the same image. This gives us yet another way to view the ambiguity: we

can take @{\/EJ to be the subfield of {& + b\/H | a,be Q} and Ly we remember

e /_ i "r-_ 3
that @AV ) has an auto morphism “ 7 bVd — a — bVd.

This is the approach we will take; that is, we will regard Q( \/‘7) as a subfield of C via our
choice of \/E but we always remember that \/t_f is ambiguous, and thus that we have an auto

morphism of this field exchanging Vd ang —V/d. From this point of view, the conjugates of an
3
element @ + bv/d are @ + bV/d ang a — bV/d

Let us now analyse these fields K = Q( V/E}. Note first that every ¥ & K nhas degree either 1

or 2 over

-

i il
L9

", and it has degree 1 if and only if it is actually in - In particular, if @ ¥ *< then we

must have /& = Q(a)
il 3 . il
Let us now compute the norms and traces from K to W Wetake1 Vil , as our basis for K over "“=-

Multiplication by @ = @@ -+ bVd takes 110 @ + bv/d and Vd to bd+ av/d, so the

matrix for the linear transformation ""*e s

[ a bd }
b a
The characteristic polynomial of this matrix is

z* — Paz + (a* — bd?).

Thus

Nk ola) = a® — bd®

And
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Trigla) = 2a.
Note also that we have
Nggla)=(a+ bvd)(a — bvVd)

And

Tri,ola) = (a+ hv"?f}l + (a — hv?}

That is, the norm of <o is the product of its conjugates and the trace of o is the sum of its conjugates.
This follows immediately from the fact that the conjugates of « are the two roots of the characteristic
polynomial of c.

GALOIS THEORY OF NUMBER FIELDS

Let K be a Galois extension of Q of degree n. Recall that this means @1: -« - - Tn that if denote the

complex embedding of K, then the 7 all have the same image in C. Let us denote this image by KQ
for the remainder of this section. We wish to reinterpret the complex embedding as auto morphisms of
K.

To do this, fix one embedding, say &1 - K — Ko consider the n maps

cri_l s o K.
These maps are all auto morphisms of K (that is, is morphisms from K to K) since they “i are all
isomorphism’s from K to KQ.

We claim that in fact these arc all of the auto morphisms of K. So suppose @ - K — Kihatis

—
1

any auto morphism of K. Then @1 © @ : X — Ky — © s a complex embedding of K, and

zi:aneh _
= 91 2 %isg5 claimed. In general, if M is any sort of object,

thus equals one of the 7+ Thus &
then the set of auto morphisms of M form a group with composition as the group law; this is because
the composition of two auto morphisms and the inverse of an auto morphism arc again auto

morphisms.

Gal(K/Q) of K over Q to be the group of auto morphisms of K; our

-1
o oo i
1 i K K Note

We define the Galois group

R .
above arguments show that as a set Gal(K / Q) is just the maps:
in particular that

—1 poaa]
{n’l r::r:l':-]crl[rTj r:n‘lj,}

And

(o7l oa;)™! =0, ©°0y

a1

are again of the form % Tk for some k, although it is not at all clear which K it is.
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Note that Ga](I\'/“:»\Z)has order n; even if K is not Galois one could still consider the auto
morphisms of K, but the above construction no longer works and it is somewhat harder to determine
how many auto morphisms there are.

When one actually computes Galois groups, it is usually much simpler to consider the fields as
subfields of C. So let K be a Galois number field which is also a subfield of C. The auto morphisms of

K are now simply its complex embedding i - K—KCC, (With our earlier notation, we
really are just considering the case where @1 is the identity map.) Note in particular that 0;00;

-1
and 7i  are also complex embedding of K, although it is not immediately clear which.

To determine which, let oo. be a primitive element for K over Q and let ¢¥1 = F: X2, ..., Qn

be its conjugates, so that the complex embedding of K are given by ai{a) = ;. we can now

determine 77 © 9 simply by determining for which k we have
o; o 0 @) = ag;
we then have

I‘_T?'_G'G'j — T ..

EXAMPLE 4.1: Let d be a square free integer (other than 1) and consider the field A "/d}. This

has the two embedding @1 and @2 characterized by

o1(Vd) = Vd
and

oa9(Vd) = —Vd.
We find that ga03(Vd) = aa(—Vd) = —a3(Vd) = Vd:
that is, 0§ = 0y . This confirms that

Gal(Q(Vd)/Q) = Z/2Z

as it mustbe 1 ;is the identity element and is the @2 nontrivial element.
EXAMPLE - Consider the field

o1(V?2) = V2. 01(V3) = V3
09(V2) = =2, 03(V3) = V3

— —

o3(V2) = V2, 03(V3) = =3
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This field has @( V2, v 3) degree 4 over with complex embedding characterized.
One computes easily that each of 2. @3 and 74 have square 71 and that the product of any two

LO(V2. V3)/0). Ay A A Y/
C“lal(*,_( V&, Vv 3), %)IsomorphICtO _‘,/4", L4 X _‘JI,/_,._«J.

of them is the third, so that is
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