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In 1990 , S.P.Arya et al have introduced the concept of
generalized semiclosed sets to characterize the s-normality.
While in 1987 , P.Bhattacharyya et al have introduced the
notion of semi generalized closed sets in topological spaces.
Since then many works have been developed in the fields of
generalized open and generalized closed sets .Powar P. L. and
Rajak K.have introduced fine-topological space which is a
special case of generalized topological space. Aim of this paper
is we introduced and studies F-gs-Open Mappings , F-gs
Closed Mappings and F-gs Continuos Mappings in fine
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AMS Mathematical Subject classification (2010): 54C08,
54C10

Copyright © 2018 International Journals of Multidisciplinary
Research Academy. All rights reserved.

Author correspondence:
S.Chandrasekar

Assistant Professor, PG and Research Department of Mathematics,
Arignar Anna Government Arts College,

Namakkal(DT),Tamil Nadu, India.

1. Introduction

In 1987, Bhattacharyya and Lahiri[2]Jused semi open sets to define and investigate the notion of
semi generalized closed sets . Later , in 1990 S.P.Arya et al [1] have introduced the concepts of
generalized semi closed sets using semi closure to characterize the s-normality axiom . Now , we
found the various papers in the field of generalized open sets and generalized closed sets. Powar
P. L. [11]and Rajak K.have introduced fine-topological space which is a special case of generalized
topological space. Aim of this paper is we introduced Fine gs closed sets in fine topological spaces
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and also we introduced and studies the concepts of F-gs-Open Mappings , F-gs Closed Mappings
and F-gs Continuous Mappings in fine topological spaces
2. PRELIMINARIES
We recall the following definitions which are useful in the sequel.

Definition:2.1 [10,11]

Let (X, T ) be a topological space we define,t(Aa)=1,={Go(#X):GaNAa # ¢,for Aa€t and
Ao #X, ¢ for some o € J , where J is the index set}. Now, define 1 = {¢,X}Urt,}. The above
collection 17 of subsets of X is called the fine collection of subsets of X and (X, t, 7 ) is said to be
the fine topological space X and generated by the topology T on X.

The element of tf are called fine open sets in (X, 1, 1 ) and the complement of fine open set is
called fine closed sets and it is denoted by 1

Example :2.2. [10,11]

Consider a topological space X = {p, q, r} with the topology

1={X, 0 ,{p}} ={X, 0 ,Aa} where A, = {p}. In view of Definition 2.1

we have, 1,=1(A,)=1 {p} ={{p}, {p, a}.{p.1}}

then the fine collection is ¢ ={ ¢,X}U {1} ={X, ¢ .{p}, {p, a}, {p, r'}}.

We quote some important properties of fine topological spaces.

Lemma: 2.3. [10,11]

Let (X, 1, 17 ) be a fine space then arbitrary union of fine open set in X is fine-open in X.

Lemma: 2.4. [10,11]

The intersection of two fine-open sets need not be a fine-open set as the following example shows.
Example:2.5[10,11]

Let X ={p, q, r} be a topological space with the topology
1= 1{X, ¢, {p}.{a}, {p, a}}, = ={X, o {p} {a}. {p, a}, {q, 1}, {p, r}}. It is easy to see that, the

above collection tf is not a topology. Since,{p, r}N{q, r}={r} &1 . Hence, the collection of fine

open sets in a fine space X does not form a topology on X, but it is a generalized topology on X.
Remark :2.6 [10,11]

In view of Definition 2.1 of generalized topological space and above Lemmas 2.3 and 2.4 it
is apparent that (X, t, 7+ ) is a special case of generalized topological space. It may be noted
specifically that the topological space plays a key role while defining the fine space as it is based
on the topology of X but there is no topology in the back of generalized topological space.
Definition:2.7 [10,11]

A subset A of a Fine space (X, t, t¢) is called Fine semi-open if A cFcl(Fint(A)).
The complement of Fine semi-open set is called Fine semi-closed.

The Fine semi-closure of a subset A of Fine space X, denoted by Fscl(A), is defined to be the

intersection of all Fine semi-closed sets containing A in Fine space X.

Definition 2.8 [10]

Let A be a subset of a Fine space (X, 1, 1¢) is called generalized Fine closed (Fine g- closed) if F
clAcU , whenever AcU and U is Fine open. The complement of a Fine g- closed set is called the
Fine g-open set.

Definition: 2.9 [13]
Amapf: (X, 1, 1) — (Y,o, o iscalled Fine g- closed if for each Fine closed set G of X, f(G) is
Fine g-closed set.
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Definition:2.10
Amapf: (X, 1, 1)— (Y,o, o iscalleda Fine pre semi closed if image of each Fine semi
closed set is Fine semi closed .

Definition 2.11

A function f: (X, 1, 1:) — (Y, o, o5) iscalled
(i) F-gs-continuous if f* (V) is F-gs-closed in X for every closed subset V of Y;
(i) F-gs-irresolute if f (V) is F-gs-closed in X for every F-gs-closed subset V of Y;

3. F-gs-CLOSED SETS AND F-gs-OPEN MAPPINGS

In this section we introduced Fine generalized semi closed set (F-gs-closed set ) and F-gs-open
mappings in Fine topological space

Definition:3.1

Let (X, 1, 1) be a Fine topological space . A subset A of a Fine space X is called Fine
generalized semiclosed (F-gs-closed ) if F-sclAcU whenver Ac U and U is Fine open.

The complement of a F-gs-closed set is called a F-gs-open set .

Definition 3.2

Let (X, 1, 7¢) and (Y, o, of) be Fine topological spaces. A function f: (X, 1, 1) — (Y, 6, o¢) is
Called F-gs-open map if for every Fine open set G in Fine space X, f (G) is a F-gs-open set in
Fine space Y.

Theorem 3.3

Prove that a mapping f: (X, 1, 11) — (Y, o, of) is F-gs-open if and only if for each x € X, and

Ue f such that x € U, there exists a F-gs-open set Wc Y containing f (x) such that Wc f(U) .
Proof.

Follows immediately from Definition 3.1

Theorem. 3.4

Letf: (X, 1, 1t) — (Y, 0,07 beF-gs-open. If W Y and Ge X is a Fine closed set containing
f1(W) , then there exists a F-gs-closed H Y containing W such that f*(H) c G.

Proof.

Let H = Y-f (X- G) .from the definition of H,H is a F-gs-closed .By our assumption f* (W) c H,
we have f (X - G) < (Y -W) .Hence f'(H) = X-f'[f (X-G)] < X- (X-G) =G.

Theorem 3.5

Letf: (X, 1, 1) — (Y, 0,01 beF-gs-open and let Bc Y. Then f[F-gs-CI(F-gs-Int(F-gs-CI(B)))]
c F-CI [f* (B)]

Proof.

Assume that B = Y .we know that f*(B) cF -ClI [f* (B)] for any set.By Theorem 3.3, there exists a
F-gs-closed set BcHc Y, such that f* (H) CI [f* (B)] . Thus, f[F-gs-CI(F-gs-Int(F-gs-CI(B)))] =
f1[F-gs-CI(F-gs-Int(F-gs-CI(H)))]=f*(H) <F-CI[f*(B)] .

Theorem 3.6

Prove that a function f: (X, 1, 7t ) — (Y, o, of) is F-gs-open if and only iff [F-Int (A)] cF-gs-Int[f
(A)], for all AcX.

Proof.

Necessity. Let Ac X. Let xe F-Int(A).Then there exists Uxet; such that xeUxcrts A.So f (X)ef
(Ux) cf (A) and by hypothesis,

f (Ux)eF-gs-a. Hence f (x) € F-gs-Int [f (A)] .Thus f [F-Int(A)] <F-gs-Int[f(A)] .
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Sufficiency.

Let Uety. Then by hypothesis, f [F-Int (U)]JFc<-gs-Int[f (U)] .Since F-Int(U) =U as U is Fine open.
Also F-gs-Int[f (U)] < f(U) . Hence f (U)=F-gs-Int[f(U)] .Thus f (U) is F-gs-open in Y. So f is F-
gs-open.

Theorem 3.7

Prove that a function f : (X, 7, 1) — (Y, o, o) is F-gs-open if and only if F-Int [f* (B)] <f[F-gs-
Int(B)] , for all BcY.

Proof.

Necessity.

Let B<Y. Since F-Int [f*(B)] is Fine open in Fine space X and f is F-gs-open,f [FInt (f* (B))] is F-
gs-open in Fine space Y. Also we have f [F-Int (f*(B))]<f [f*(B)]<B. Hence,f [F-Int (f'(B))] < F-
gs-Int (B) . Therefore F-Int[f* (B)]<f'[F-gs-Int(B)] .

Sufficiency.

Let A < X. Then f(A)cY. Hence by hypothesis, we obtain F-Int(A)cF-Int [f*(f (A))]<f'[ F-gs-
Int(f (A))]. Thus f [F-Int(A)]<F-gs-Int[f (A)] , for all AcX. Hence,by Theorem 3.5, f is F-gs-open.
Theorem 3.8

Letf: (X, 1,1t) — (Y, 0,01 beamapping. Then a necessary and sufficient condition for f to be F-
gs-open is that f*[F-gs-CI(B)]<F-CI[f*(B)] for every subset B of Fine space Y.

Proof.

Necessity.

Assume f is F-gs-open. Let BEY. Let xe f'[ F-gs-CI(B)] .Then f(x)eF-gs-Cl (B) . Let U€er such
that xe U. Since f is F-gs -open, then f (U) is a F-gs-open set in Fine space Y. Therefore, Bnf
(U)#p Then U nf! (B)#¢. Hence x €FCI [f* (B)].We concludethat f*[F-gs-Cl (B)] < FCI[f'(B)] .
Sufficiency.

Let BSY.Then (Y - B) € Y. By hypothesis, f*[F-gs-Cl (Y - B)] € F-CI [f* (Y - B)] . This implies
X —F-CI [f* (Y - B)] € X — f'[F-gs-CI (Y - B)] . Hence X- F-CI [X-f* (B)] < f* [Y-F-gsCI(Y - B)]
. By applying F-Int [f*(B)] < f* [F-gs -Int(B)] . Now form Theorem 3.6, it follows that f is F-gs-
open.

4.F-gs-CLOSED MAPPING
In this section we introduce F-gs-closed functions and study certain properties and
characterizations of this type of functions.
Definition 4.1
A mapping f: (X, 1, 1) — (Y, o, o) is called F-gs-closed if the image of each Fine closed set in
Fine space X is a F-gs-closed set in Fine space Y .
Theorem 4.2
Prove that a mapping f: (X, 1, 11) — (Y, 6, o) is F-gs-closed if and only F-gs-ClI [f (A)] <f [F-CI
(A)] for each A < X.
Proof.
Necessity
Let f be F-gs-closed and let Ac X. Then f (A) < f [F-CI (A)] and f [F-CI(A)] is a F-gs-closed set in
Y. Thus F-gs-Cl [f (A)] <f [F-CI (A)] .
Sufficiency.
suppose that F-gs-Cl [f (A)] < T [F-Cl (A)], for each A < X. Let Ac X be a Fine closed set. Then
F-gs-CI[f (A)]<f [F-CI (A)] =f (A) . This shows that f (A) is a F-gs-closed set.Hence f is F-gs-
closed.
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Theorem 4.3

Letf: (X, 1,1t) — (Y, 0,07 be F-gs-closed. If Vc Y and E =X is an Fine open set containing
f(V ), then there exists a F-gs-open set G Y containing V such thatf* (G)cE.

Proof.

Let G = Y-f (X - E) . Since f* (V)cE, we have f (X - E) <Y -V. Since f is F-gs-closed, then G is a
F-gs-open set and f(G)=X-f"' [f (X - E)] < X-(X - E) = E.

Theorem 4.4

Suppose that f : (X, 1, 1) — (Y, 0, of) Is a F-gs-closed mapping. Then F-gs-Int[F-gs-CI(f (A))]
cf[F-CI(A)] for every subset A of Fine space X.

Proof.

Suppose f is a F-gs-closed mapping and A is an arbitrary subset of Fine space X. Then f [CI(A)] is
F-gs-closed in Fine space Y. Then F-gs-Int[F-gs-CI(f(F-Cl (A)))] < f [F-CI (A)] . But also F-gs-
Int[F-gs-CI(f(A))] <F-gs-Int[F-gs-CI(f(FCI(A)))] . Hence F-gs-Int[F-gs-CI(f (A))] < f [F CI (A)] .

Theorem 4.5
Letf: (X, 1, 1) — (Y, 0,01 beaF-gs-closed function, and B,CCY.

(i) If U is an Fine open neighborhood of f* (B) , then there exists a F-gs-open neighborhood V of

B such that f* (B)cf* (V) cU.

(i) If f is also onto, then if f* (B) and f* (C) have disjoint Fine open neighbourhoods , so have B
and C.
Proof.
(i) Let V=Y-f(X-U).Then V=Y -V =f (U%) . Since f is F-gs-closed, so V isa F-gs-open set.
Since f* (B) cU, we have V¢ = f (U°) cf [f! (B9)]<B®. Hence ,BcV, and thus V is a F-gs-open
neighborhood of B. Further UScf[f (U%)] = f* (V°) =[f*(V)]° .This proves that f* (V) cU.

(ii) If f* (B) and f* (C) have disjoint Fine open neighborhoods M and N, then by (i) ,we have F-gs-
open neighborhoods U and V of B and C respectively such that f* (B) < f* (U) <F-gs-Int(M) and
fY(C)c=F (V) cF-gs-Int(N) . Since M and N are disjoint, so are F-gs-Int(M) and F-gs-Int(N) , and
hence so f*(U) and f* (V) are disjoint as well. It follows that U and V are disjoint too as f is
onto.

Theorem 4.6

Prove that a surjective mapping f: (X, 1, 1) — (Y, o, o1) is F-gs-closed if and only if for each
subset B of Fine space Y and each Fine open set U in Fine space X containing f*(B) , there
exists a F-gs-open set V in Y containing B such that f* (V) cU.

Proof.

Necessity. This follows from (1) of Theorem 4.5.

Sufficiency.

Suppose G is an arbitrary Fine closed set in Fine space X. Lety be an arbitrary pointinY - f (G) .
Then f* (y) = X - f'[f (G)] < (X - G) and (X - G) is Fine open in Fine space X. Hence by
hypothesis, there existsa F-gs-open set Vy containing y such that f* (Vy) < (X - G) . This implies
thaty e Vyc [Y -f(G)] . Thus Y -f (G) =u{Vy:ye Y -f(G)}. Hence Y - f (G) , being a union
of F-gs-open sets, is F-gs-open. Thus its complement f (G) is F-gs-closed. This shows that f isF-gs-
closed.

Theorem 4.7

Letf: (X, t, 1) — (Y, o, 61 be a bijection. Then the following are equivalent:

(i) fisF-gs-closed.

(i) fis F-gs-open.

(iii) ¥ is F-gs-continuous.
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Proof.

(i) = (ii): Let U £ 7. Then X -U is Fine closed in Fine space X. By (i),f (X-U) is F-gs-closed in Fine
space Y.But f (X-U)=f(X)-f(U)=Y-f(U).Thus f (U) is F-gs -open in Fine space Y. This shows that
f is F-gs-open.

(i) = (iii): Let U =X be an Fine open set. Since f is F-gs-open. So f (U) = (f*)™ (U) is F-gs- open in
Fine space Y .Hence f'is F-gs-continuous.

(iii) = (i): Let A be an arbitrary Fine closed set in Fine space X. Then X-A is Fine open in Fine
space X. Since f'is F-gs- continuous, (F")™(X -A) is F-gs-open in Y. But (F)*(X - A) = f (X - A)
=Y -f (A) .Thus f (A) is F-gs- closed in  Fine space Y. This shows that f is F-gs-closed.

5.F-gs -CONTINUOUS MAPS
Here we introduce and study Fine generalized semi-continous (F-gs-continuous) maps and Fine
generalized semi-irresolute (F-gs irresolute) maps using the notion of Fine generalized semi-open
sets

Definition 5.1.
Amapf: (X t,1)— (Y, 0, o) is called F-gs-continuous if (V) is F-gs-open in Fine space X
for every Fine open set V in Fine space Y.

Example 5.2

Let X=Y={a,b,c},t={0, X, {b}} ., 1={0, X, {b}, {a,b},{bc} }andc=1{ 0, Y, {c}}.

Of= { 0, Y! {C}’{av C},{b,C,}}

Defineamap f: (X, 1, 1t) — (Y, 0, o) by f(a) = a,f(b) =c, f(c) =b. Then f is F-gs-continuous
Definition 5.3

Amapf: (X t,1)— (Y,o0, o1 Iiscalled F-gs-irresolute if f * (V) is F-gs-open in Fine space X
for every F-gs-open set V in Fine space Y.

Theorem 5.4

Every F-sg-open set in a Fine topological space (X, t, 1¢) is F-gs-open but not conversely.

Proof

Let A be any F-sg-open set in Fine space X. Let G be any Fine closed set in Fine space X such
that GCA. Since every Fine closed set is Fine semiclosed, G is a Fine semi-closed set in Fine space
X such that GCA. Since A is F-sg-closed, GcF- sint(A). Therefore, A is F-gs-open. The converse
need not be true as seen from the following example.

Theorem 5.5.

Letf: (X, t, ) — (Y, o, 6r) be F-sg-continuous. Then f is F-gs-continuous.

Proof

Let V be Fine open in Fine space Y. Then (V) is F-sg-open in Fine space X since f is F-sg-
continuous. But every F-sg-open set is F-gs-open. Therefore f (V) is F-gs-open. Hence f is F-gs-
continuous.

Theorem 5.6

Letf: (X, t, ) — (Y, o, 6r) be Fine semi-continuous. Then f is F-gs-continuous.

Proof

We have already observed that Fine semi-continuity implies F-sg-continuity. By Theorem 1.5, F-
sg-continuity implies F-gs continuity. Therefore f is F-gs-continuous.

Theorem 5.7

Amapf: (X, 1, 1)—(Y,o, o) isF-gs-continuous if and only if f (V) is F-gs-closed in Fine
space X for every Fine closed set V in Fine space Y.
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Proof

Assume that f is F-gs-continuous. Let V be any Fine closed set in Fine space Y. Then V© is
Fine open in Fine space Y. Since f is F-gs-continuous, f*(V°) is F-gs-open in X. But f (V<) = X-f "
(V) and so f * (V) is F-gs-closed in Fine space X. Conversely, assume that f (V) is F-gs-closed in
Fine space X for every Fine closed set V in Fine space Y. Let V be any Fine open set in Fine space
Y. Then V¢ is Fine closed in Fine space Y. By assumption, f* (V°) is F-gs-closed in Fine space X.
But f * (V©) = X-f1(V) and so f*(V) is F-gs-open in Fine space X. Therefore,f is F-gs-continuous.
Theorem 5.8
Amapf: (X, 1,1)— (Y,o,0or) isF-gs-irresolute if and only if f*(V) is F-gs-closed in Fine space
X for every F-gs-closed set V in Fine space Y.

Proof:

Assume that f is F-gs-irresolute. Let V be any F-gsclosed set in Fine space Y. Then V° is F-gs-open
in Fine space Y. Since f is F-gsirresolute, f*(\V°) is F-gs-open in Fine space X. But f (Vo) = X-f
(V) and so f*(V) is F-gs-closed in Fine space X

Conversely assume that f (V) is F-gs-closed in Fine space X for every F-gs-closed set V in Fine
space Y. Let V be any F-gs-open set in Fine space Y. Then V© is F-gs-closed in Fine space Y. By
assumption, f (V) is F-gs closed in Fine space X. But f*(V®) = X-f1(V) and so f*(V) is F-gs open
in Fine space X. Therefore, f is F-gs-irresolute.

Theorem 5.9

Letf: (X, 1,1t) — (Y, 0,07 beirresolute and Fine pre-semi closed. Then f is F-gs-irresolute.
Proof:

Let A be F-gs-closed in Fine space Y. Let O be an Fine open set in Fine space X such that
f(A)cO. Since f is Fine irresolute, f (Fscl(f*(A)) Nf(O%) cf(Fscl(f*(A))) NFO) cFscl(f(f *(A)))
N A°cF-sc1(A)-A. Since f is Fine pre-semi-closed and the set F-scl(f (A)) NO° is Fine semi
closed, F-scl(A)-A contains the Fine semi-closed set f(F-scl(f *(A))NO° ,f (Fscl(f*(A)) NO®) =
@.Therefore Fscl(f'(A))NO° = ¢ and so, Fscl(f*(A))cO. Hence f*(A) is F-gs-closed in Fine space
X and thus f is F-gs-irresolute.

Theorem 5.10.

If f:(X,1,1%)—(Y,o0,oy) isF-gs-irresolute and g : (Y, o, of) — (Z, p,ps) is F-gs-continuous
then the compositiongo f: (X, 1, 1) — (Z, p,ps) is F-gs-continuous.

Proof

Let V be any Fine open set in Fine space Z. Since g is F-gs continuous, g (V) is F-gs-
open in Fine space Y. Since f is F-gs-irresolute, f (g *(V)) is F-gs-open in Fine space X. But f™*
(g (V) = (g o f)*(V) . Therefore, g o f is F-gs-continuous.

Theorem 5.11

If f:(X,1,7%)—(Y,0,01) andg:(Y,0,00) — (Z, p,ps) are both F-gs-irresolute maps then the
compositionmapgo f: (X, 1, 1) — (Z, p,pr) is F-gs-irresolute.

Proof

Let V be any F-gs-open set in Fine space Z. Since g is F-gs-irresolute, g *(V) is F-gs-open in Fine
space Y. Since f is F-gs-irresolute, f (g (V)) is F-gs-open in Fine space X. But f* (g™(V)) = (g o f)
(V). Therefore, g o f is F-gs-irresolute.
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CONCLUSIONS
Many different forms of open functions and closed functions have been introduced over the years.
Various interesting problems arise when one considers openness. Its importance is significant in
various areas of mathematics and related sciences, this paper we introduce F-gs-Open Mappings ,
F-gs Closed Mappings and F-gs Continuos Mapping in Fine topological and investigate some of
the basic properties . This shall be extended in the future Research with some applications
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