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Abstract

A (p,q) graph is said to admit vertex triangular labeling
if its vertices can be labeled by the first p triangular
numbers such that the edge labels obtained by adding the
labels of its end vertices are distinct. A graph which

admits a vertex triangular labeling is called a vertex
Keywords: triangular graph. In this paper we discuss some properties
of vertex triangular labeling and we give some classes of

TriangularNumber, graphs which are vertex triangular.

Vertex Triangular graph.
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1. Introduction

For all terminology and notation in graph theory, not specifically defined in this paper we
refer the reader to the text-book by Harary[1] and for number theory we follow Burton[2].
Unless mentioned otherwise, all graphs in this paper are finite, simple and undirected.

A graph labeling is an assignment of integers, real numbers, sets etc to the vertices or
edges or both subject to certain conditions. Most of the labeling problems have three
important ingredients. A set of numbers from which vertex labels are chosen, a rule that
assigns a value to each edge, a condition that these values must satisfy. Vast amount of
literature about different types of graph labeling is available and more than 1000 research
papers have been published so far in last four decades. A dynamic survey of graph labeling
is regularly updated by Gallian[3] and is published by Electronic Journal of Combinatory.
In this paper we introduce and study a new type of graph labeling which we call the Vertex
Triangular Graph labeling.
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Definition 1.1[2]

A number is triangular if and only if it is of the form "(";1) n=>1
If the n" triangular number is denoted by T,, then T, =1+ 2+ 3+ -+ n
The triangular numbers are 1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 78...... We denote the set

of first p triangular numbers by 4 . Thatis 4 = {Ty T;, ... T, }

Result 1.2[2]

The sum of n triangular numbers is w ,n=>1

2. VERTEX TRIANGULAR GRAPHS
Definition 2.1

A vertex triangular labeling of a graph G = (p, q) is a bijective function f:V(G) - 4 ,
such that the induced functionf™: E(G) - {4,5, ....p% } defined by f™(uv) = f(u) +
f(v) is injective. A graph G is said to be a Vertex Triangular Graph if it admits a Vertex
Triangular labeling.

Observation 2.2
Forany (p,q) Vertex Triangular Graph 4 < f*(e) < T, +T,_4,

PROPERTIES OF VERTEX TRIANGULAR GRAPHS

Theorem 2.3

If G = (p,q) isa Vertex Triangular k — regular graph then f* (e)= o @+)@+2)

6

Proof
Since G isk —regular, each vertex is counted k times in Zf* (e)

Thatis Sf* (€)= k(Ty + Ty + - T, ) = LD pyreqiit 12 m

Illustration 2.4

1. For Cs,3f* () =2 =70
2. For K, ,Sf* () = 2222 = g0

Theorem 2.5

In any Vertex Triangular Graph we cannot label T5,,_, & Ty,—1; to adjacent vertices if
T3, & Ts,—, are labels of adjacent vertices n = 1,2, ... ...
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Proof
Let G be a Vertex Triangular Graph. Let u & v are two adjacent vertices with labels

fW) =T3, & f(v) = Ten—
Lete; = (uv)
_ _ 2_

Then f+(el ): f(u) +f(17) _ 3n(32n+1) (6n 2)2(6n 1) _ 45 n“—15n+2 n=12, ...
Now if u! and v! are also adjacent vertices with ~ f(u!) = Ts,_, and f(v!) = Tg,_q

— — — 2_
f+(€1 ): f(ul) +f(171) _ (3n 2)2(3n 1) + (6n ;)(6n) _ 45n 215n+2’ n=12,
Where el = (u'v?)
Thatis f*(e;)=f"(e!), notpossible. m

Theorem 2.6
Let G = (p,q) be a Vertex Triangular Graph with a Vertex Triangular labeling f.
If f*(e) = 1(mod 2) Ve € E(G) then G is bipartite.

Proof

Suppose fT(e) = 1(mod 2) Ve € E(G)

Lete € E(G),then f*(e) = T; + T; forsome T; T
and T; + T; =1(mod2)

Since T; +T; isan odd number, we have T; & T; are of opposite parity.

LetX ={ue V(G): f(wiseven} &Y ={v e V(G) : f(v)is odd}

Then the sets X & Y form a disjoint partition of V(G) and any edge with f*(e) =
1(mod 2) is of one end in X and the otherend inY. m

eAp

Corollary 2.7
If G is a graph with f*(e) = 1(mod 2n) Ve € E(G) then G is bipartite.

Proof
If f*(e) = 1(mod 2n) Ve € E(G) = f*(e) = 1(mod 2) Ve € E(G)
Then by theorem 2.6, G is bipartite. =

Remark 2.8

Every spanning subgraph H of a Vertex Triangular Graph G is Vertex Triangular, since
VH) =V(6) & f(V(H)) = f(V(G)) = {T1 T, T3, ...., T, }. In general subgraphs of a
Vertex Triangular Graph need not be Vertex Triangular. For example K, with one pendant
vertex is vertex triangular but K; is not vertex triangular. Hence Vertex Triangular
labeling is not a hereditary property.

CLASSES OF VERTEX TRIANGULAR GRAPHS
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Theorem 2.9

Every path B, is a Vertex Triangular Graph.

Proof
Let V(P,)={vy,v2,v3 .....,v, } Where v; and v, are the end vertices with
v; adjacenttov;,, for 1<i<n-1

Define f:V(P,) =4, by f(v; )=T;, i=1,2,3,...n
Since f is increasing on the vertex set and
fY(w;viyqy )=T;+ Tiy1, fTisalso an increasing function on the edge set. Hence

f*isinjective and f is a Vertex Triangular labelingon B,. =
Theorem 2.10
The cycle C,, is a Vertex Triangular Graph vn.

Proof

Let vy v, v, ..., v, be the vertices of the cycle C,

Casel: n#5.

Define f:V(C,) = A, by f(v;)=T;,i=1,2,3,...n

Then

frw; vig) =G+ 1?%,i=1,2,3...n-1

AlSO f*(vy 1) = F(wy )+ f(w,) = 1+ 252

Since

f*(v; v,) is nota perfect square and f *is increasing on (v; v;11),i = 1,2,3,..,n — 1,
f*isinjective and hence C, isa Vertex Triangular Graph.

Case2: n=5

When n = 5 the above labeling is not possible, since f*(es) = f*(e3) and f* is not
injective. So we label C:v,,V,,...,V; as follows,

f(v,)=1 f(v,)=6,f(v;)=3, f(v,)=10, f(v,)=15 m

Theorem 2.11
The complete graph K,, is a Vertex Triangular Graph if and only if n < 4

Proof
The Vertex Triangular labeling of K, for n < 4 are as follows. f(v,) =T,,1,]=123/4
where v, are the vertices of K, . Then f*is injective and hence K, is a Vertex Triangular

Graph. If n>5, T3+ T,= T+ Ts, So f™is not injective. So K, n =5 is not a Vertex
Triangular Graph. Therefore the complete graph K,, is a Vertex Triangular Graph if and
onlyifn<4. m
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Theorem 2.12
Every star graph K; ,, is a Vertex Triangular Graph.

Proof

Let u bethe apexvertexand v; v, v3_ v, be the pendant vertices of the star graph
Kl,n.

Define, f(u)=1and f(v; ) =T;41,i=123...,n

Then the edge labels are, f*(uv; ) =1+ T4y =1+ w

Since f is increasing on V(G), f* is also increasing. So f is injective.
Hence K, isa Vertex Triangular Graph. m

Theorem 2.13
Thegraph G = K, + mKjisa Vertex Triangular Graph.

Proof

Let V(G) ={vy, vy ,v3,..., V42 pWhere V(K; ) = {vy v, }

define f:V(G) = {Ty,T,,T3,....,Tyi2 } by f(v;) = T, , fori=1,2,3,....m+2

The induced function is injective, for if f*(v; v; ) = f*(v, v; ) wherei,j # 1,2

By taking, f(v; ) = x & f(vj ) = y, we get an equation of the formx —y = 2 thenx =
3 &y =1, whichis not possible by definition. Hence G is a Vertex Triangular Graph.

[

Theorem 2.14
Every wheel graph W,, = K; + C,,_; is a Vertex Triangular Graph.

Proof

Let v be the apex vertex and v; v, ....,v,_1 be the other vertices.

Define f(v) =1

Then label each v; with T;,4 in the order that 6 & 10 will not be given to adjacent vertices
ifn>4 =

Theorem 2.15
The ladder L,, is a Vertex Triangular Graph.

Proof

Let V(Ln) = {al, ay, ...,Qy, bl, bz, e ey bn} and

E(L,) ={a;b;/ 1<i<n}U{ga;;1/1 <i<n—-1}U{bb1/1<i<n-1}
Define f:V(L,)— A,, as follows

fla)=Ty-1, 1<i<n

f(b) =T, 1<i<n sothat
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f+(al'bl') = 4i2, 1<i<n

fr(aja;41) = 4i* + 2i +1, i=12,.n—1

fr(bibiy1) =4i*+6i+3, i=12,..n—1

Since f*(a;b;) is an even number for 1 <i <n and f*(a;a;.1) & f*(b;b;11) are odd
numberforl <i<n-1,

f*(aiby) # f*(a;ai41)

f*(aib) # f*(bibi41)

Also f is an increasing function on V(G) and so f*(a;b;) # f*(ajb;) Vi # j

And fH(aai) # fH(aay4q), i#j, 1<i<n—-1, 1<j<n-1

Also and f*(bb,,)# f"(b;b;,,),1<i,j<n-1, since these numbers form an increasing

sequence of odd numbers.
Hence f* is injective and f is a Vertex Triangular labeling. m

Theorem 2.16
The complete bipartite graph K, is a vertex triangular graph for any n.

Proof

Let X = {uy,u} &Y = { vy, vy, ....., v, } be the bipartition of the vertices of K, ,,.
Define f(ul) =1 ) f(uZ) = 3 and f(vi) = Ti+2 ,i = 1,2, o, n

Then the edge labels are Vi,

i+2)(i+3 i?+5i+8
f+(u1vi):1+Ti+2:¢+1:—

2 2
Fruyp) = 3 4 Ty = (i+2)(i+3)+3=i2+52i+12
If fH(wv) = f*(uyv;), for some i, j.
Then,
i2+5i+8 j245j+12
2 B 2
j2—i2+5(G—-0)+(12-8)=0

(i—-jpH+j+5) =6 e (1)

Since i & ] are positive integers (1) is true only if
(i—j))=1landi+j+5=60r(i—j)=2andi+j+5=3
If(i—j)=1landi+j+5=6,theni=1andj = 0, not possible.
Ifi—j)=2andi+j+5=3then,i =0andj = —2, not possible,
Therefore f7 is injective.

Therefore the complete bipartite graph K, ,, is a vertex triangular graph for any n. m

Theorem 2.17

The graphs K
Proof

1<m<6 are Vertex Triangular Graphs.

m,m?
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Let X ={u,,u,,..u }&Y ={v,V,,...v, } be the bipartition of K_ ,1<m<86. Define
f(u)=T,, & f(v)=T,. Suppose if possible &, =(uyv;)&e,, =(u,Vv,)are two different
edges with f7(e;)=f"(e,,)

2i-D2i)+2j))2j+1) (2m-1)(2m)+(2n)(2n+1)

Then,
2 2
Thatis, 2i*—i+2j°+ j=2m*—m+2n°+n
Thatis, 2(i°+ j°-m*-n*)=i— j—m+n
So 2(i*-m*+j*—n*)=(i-m)—=(j—n) ... (1)

(1) Is true only if both sides of (1) are zero. That is i=m& j=n, a contradiction to the
choice of ¢, =(uv,)&e  =(u,v,). Hence f"is injective andK  ,1<m<6are vertex
triangular. m

m,m?

Theorem 2.18

The comb B, ®K; admits a Vertex Triangular labeling.

Proof

Let B,: uq, Uy, ....., u, bethe path and let w; = w;u;,1(1 < i <n—1) be the edges. Let
vy, Uy, ..., Uy be the pendant vertices adjacent to uq, uy, ...., u, respectively and

let t; = u;v;(1 < i < n) be the edges.

Fori=1,2,...n,define f(u)=T, and f(v,)=T,,.

Then, f7(w)=fu)+fU,)=T,+Tyy = 4i* +6i +3, an odd number and
frt)="fu)+f(vy)=T,+T, =4i=(2)>an  even  number  and  hence
Fr(w)# £ (t,), Vi,

Also f7(t)=f7(t;) and f7(w)=f"(w,),Vi=]j.

Therefore f+ is injective and f is a Vertex Triangular labeling. m

Theorem 2.19

Bistar graph B, , is a Vertex Triangular Graph vm,n.

Proof
Let,

V(B,,)={uv.u,v,1<i<mil<j<n|
E(B,,)={uv,uu,w, 1<i<m1< j<n}
Define f(u)=1, f(v)=3, f(u)=T,,,i=12..,mand f(v)=T,,.;.j=12.,n
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Then f*(uv) = f*(uy;) = f*(w;), Vi, j. Therefore the induced edge labels are distinct and
hence Bistar graph B, is a Vertex Triangular Graphvm,n. m

Conclusion

In this

paper we introduced a new concept of vertex triangular graphs using triangular

numbers and state some properties of vertex triangular graphs. We identified many classes
of graphs which are vertex triangular.
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